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Solution of Nonlinear Equations in Dynamic Analysis
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Solution of Nonlinear Equations in Dynamic Analysis
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Solution of Nonlinear Equations in Dynamic Analysis
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Solution of Nonlinear Equations in Dynamic Analysis

Time-Domain Analysis

/
mX(0) + k(D) +kx() =p(H) o 1 b
o0 =
= | P1 NPy
given S |/ P2 . o
Q |/ .
mX, + cxb + kx. =p. L ,

time

+ =====p [ 1me stepping &
Q
+CX.

seek

InXi+1

T kXi+1 — pi+1

Displacement x




Solution of Nonlinear Equations in Dynamic Analysis
Piecewise Exact Method (Interpolation of Excitation) 145 G5 s
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Solution of Nonlinear Equations in Dynamic Analysis

Piecewise Exact Method (Interpolation of Excitation)

Ap,

mx_+cx_ +hkx = p, + T

;AN

constant linear ramp

Solution of x(t) consists of 3 parts

- Step response due to p;

- Ramp response due to AP _
— At;
- Free vibration response




Solution of Nonlinear Equations in Dynamic Analysis

Piecewise Exact Method (Interpolation of Excitation)
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Solution of Nonlinear Equations in Dynamic Analysis

Piecewise Exact Method (Interpolation of Excitation)
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Solution of Nonlinear Equations in Dynamic Analysis

Piecewise Exact Method (Interpolation of Excitation)
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(b) Straight line approximations of sine-wave loading




Solution of Nonlinear Equations in Dynamic Analysis

Piecewise Exact Method (Interpolation of Excitation)
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Solution of Nonlinear Equations in Dynamic Analysis

Numerical Approximation Procedures 5395 Lgra 5 b b,
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Solution of Nonlinear Equations in Dynamic Analysis

Numerical Approximation Procedures

Direct Integration

Explicit

Implicit

Short time duration dynamic analysis
Wave propagation

Impact and seismic problems
Complex model

Central Difference
Runge-Kunta

Houbolt
Wilson
Newmark
Hughes

Equilibrium at t for the solution of t+At

Equilibrium at t+At for the solution of t+dt

Computationally cheap since effective
stiffness matrix 1s not required in each step

Computationally expensive since effective
stiffness matrix is requiredin each step

Conditionally stable

Unconditionally stable

Small time step required for stability

Small time step gives better accuracy
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Solution of Nonlinear Equations in Dynamic Analysis

Numerical Approximation Procedures
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Solution of Nonlinear Equations in Dynamic Analysis

Direct Integration Methods
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Solution of Nonlinear Equations in Dynamic Analysis

Direct Integration Methods
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Solution of Nonlinear Equations in Dynamic Analysis

The Central Difference Method
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Solution of Nonlinear Equations in Dynamic Analysis
The Central Difference Method
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Solution of Nonlinear Equations in Dynamic Analysis

The Central Difference Method o
S5 JB gy B4 o8 Sl

Step-by-step solution using central difference method (general mass and damping matrices)

A. Initial calculations;

. Form stiffness matrix K. mass matrix M, and damping matrix C.

2. Initialize °U , °U and °U

3. Select time step Az, At <Ar, =— , and calculate integration constants:
T

Sl 58 Sl Sl o851 Slas o8 81l (ol s n b s spme Wl o 5 0258258 1T,
bl sl by b 4 (655 S ) 258

1 1 1
CIO:F ) GIZE R a2:2a0 , a3:a_2

[‘A’U:(’U—At °U+a, OU]

4. Calculate

5. Form effective mass matrix

[M = aoM+a1C]
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Solution of Nonlinear Equations in Dynamic Analysis

The Central Difference Method o
S5 JB gy B4 o8 Sl

B. For each time step;

1. Calculate effective loads at time ¢ :

[tlé ='R—(K-a,M) 'U—-(a,M —a,C) tAtUJ

2. Solve for displacements at time ¢+ At

[ M t+AtU: tjé ]

3. If required, evaluate accelerations and velocities at time &

(.. A Ay
U =a,("¥U =2 'U+ "*“U)

tU — _t—AtU+t+AtU
L U=a( )
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Solution of Nonlinear Equations in Dynamic Analysis
The Central Difference Method

sl 20l s L ) Sy b LSJ‘jT a5 93 gyl e SS Jsls OYsles (2 JEae
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Solution of Nonlinear Equations in Dynamic Analysis

The Central Difference Method
-3 gud oA dwlwe t=0 o s O Jslas dslan 31 oslicssl L

:dﬁ‘ C,Jb
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Solution of Nonlinear Equations in Dynamic Analysis
The Central Difference Method
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Solution of Nonlinear Equations in Dynamic Analysis
The Central Difference Method

t=At+ At =2At i=3

sy 0 N 1.7631 0.078957 . 1 0 wy;
- 10.78957( 0.15791  1.6842 0 1

0 ],[ 17631 0078957) [0.031171] [1 0][ 0 g
— — = =
0.78957 0.15791 1.6842 1.4545 0 11]10.39478

0.1698
2.8493

|
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The Central Difference Method

Solution of Nonlinear Equations in Dynamic Analysis
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Solution of Nonlinear Equations in Dynamic Analysis
The Central Difference Method
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Solution of Nonlinear Equations in Dynamic Analysis

The Central Difference Method
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Solution of Nonlinear Equations in Dynamic Analysis

The Central Difference Method
:rjé db

‘U
time
tUl le

0 0 0
At 0 3947 .83
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Solution of Nonlinear Equations in Dynamic Analysis

The Houbolt Method Houbolt %,
Shoslimal b Qs 5 Co s sbosle € Dslis ol boscd 550 J2l8 Gy 4l gum B 2y 0
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[HNU — é(z t+AtU_5 tU+4 tAzU_tZAtU)] (8)

{HNU:&(II t+AtU_18 ‘U +9 t—AtU_z t—2AtU)] (9)
[

wln Cos 4 1AL Ol (1) alaly (23,8 5o b EHAL ples 5 Glule sl

[M t+AtU+C t+AtU+K t+AtU: t+AtR } (10)

1l eolss (10) aksly 55 (9) 5 (8) Lilyy (1S b
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Solution of Nonlinear Equations in Dynamic Analysis
The Houbolt Method

P =

Step-by-step solution using Houbolt integration method

A. Initial calculations;

. Form stiffness matrix K. mass matrix M, and damping matrix C.
2. Initialize °U , °U and °U
3. Select time step and calculate integration constants:

PEERTEE
AT eAar T T AR T T A
—d a a

a,==2a, , as= 23 ) 6:70 ) 7_33

\§ J

4. Use special starting procedure to calculate ~{J and *U

5. Calculate effective stiffness matrix

[k:K+aOM+a1C]
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Solution of Nonlinear Equations in Dynamic Analysis

The Houbolt Method

B. For each time step;

1. Calculate effective loads at time ¢+ Af -

[ t+Atjé: t+AzR+M(a2 tU+Cl4 t—AtU+a6 t—2AtU)_|_C(a3 ’U+a5 t—AtU+a7 t2AtU)]

2. Solve for displacements at time ¢ Az

[1& z+AtU: t+At1’é]

3. If required, evaluate accelerations and velocities at time # + Af -

.. )
A A —-A =2A
t+ tU:aO t+ tU_a2 tU_a4 t tU_a6 t Z‘U

t+AtU:a1 t+AtU_a3 tU—Cls z—AtU_a7 t—2AtU
\_ J

u.ilao) r\f} Sb_)‘.x} 34> 9 @‘J"” > u.’l.c_) r\f (5“)9 u_“.ﬁ.sjm cd}ff J..c\.‘ﬁ uiﬁJ u&bﬁ Houbolt ui’ﬁJ B

25 DSl 6580 JSlB Sy 4 bs e Sl Sl (\fj‘ 5o Wl g
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Solution of Nonlinear Equations in Dynamic Analysis
The Houbolt Method

Cos| OMT Cend b p) Oyl L 6.>BT >4 93 6\)‘5 r:.%:,..a ;i“: d:\ﬁ Vs e (3 d\;’.o

o 1|,/ -2 4 |lv,] 10 o -0
T N Y .
. At:lOT'z (uj Af:—l(z) (uﬂ‘ db)b‘);rwc.u\ﬁw?ﬁ@‘ g_)}LEA HOUbOltulvi)_j‘ ab\.ﬂ.ﬁm‘b

2 0 6 -2 ;. » 2 0
M = , K= = @ =eigenvalue (M K)=
-2 4 0 5
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Solution of Nonlinear Equations in Dynamic Analysis

The Houbolt Method
-3 gud oA dwlwe t=0 o s 0 Jsls dslas 31 oslicssl L

:dﬁ‘ C,Jb
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Solution of Nonlinear Equations in Dynamic Analysis
The Houbolt Method
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Solution of Nonlinear Equations in Dynamic Analysis
The Houbolt Method
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Solution of Nonlinear Equations in Dynamic Analysis
The Houbolt Method
t=3At,i=4

sanpy 0.012064 N 0.035383 0.0012064
0.34177 0.0024127 0.034177

}(63.326 WU -50.661 *YU +12.665 “U)
0.012064| | 0.035383 0.0012064 0.1689 0.031171 0

= + (63.326 —50.661 +12.665 )
0.34177 | [0.0024127 0.034177 2.8109 1.4545 0.39478

gy _ | 04665
= =
4.0999
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Solution of Nonlinear Equations in Dynamic Analysis

The Houbolt Method
. ‘U
lime
tUl tU2

0 0 )
At 0 0 394 78
2At il 1.4545
3At 0.1689 D 1A
4t 0.4665 4.,.0999
SAt SREDIE TP B 283
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A? 2 26005 de i
OAt 2 0 156 22863
10A¢? 2 ¢ 6 e 167
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Solution of Nonlinear Equations in Dynamic Analysis
The Houbolt Method

6 T T ! : : [
S EXaCt SO|LItI0n
The Houbolt

0 t ! | | ! t
0 0.5 1 1.5 2 25 3 3.5

time [sec]

3.5 T | T T T [

25

T

-
1.5

T

0.5

T

time [sec]

for Atle_(2) & 12A¢
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Solution of Nonlinear Equations in Dynamic Analysis
The Houbolt Method

At =107, =10(2.8099) = [At = 28.099]

Irj.b &:«‘b

gy =—2 ~=0.002533 , aq, =1L 0065245
2 6(28)
5 3
a,=——=0.0063326 , a,=—=0.10676
(28) 28
a, =—2(0.002533) = —0.0050661
~ —0.10676

=-0.053382 , a,= 0.002533 =0.0012665 , a,= 0.10676

\aS_ > > 9

=0.011863

oY

6 -2 2 0 0 0
K=K+aM+aC = +(0.002533) +(0.065245)
—2 4 0 1 0 0

R 6.0051 -2
= |K =
-2 4.0025

:| — K Static
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Solution of Nonlinear Equations in Dynamic Analysis

The Houbolt Method
| ‘U
lime
U, 'U,

0 0 0
At 0 0.39478
2At 0.031171 1.4545
3At 0.99903 2.9994
4At R TI0EES Fa B0 L
SAt 0.99932 2.9992
6A? 0.99999 3
TAt i £
SAt 1 3

:rjé db

-

\-

~

from static solution

Sl

ol ol (Sobiel DI b aslis s

Coos &

St

by bl foly & 285
Ca.‘b 29 Ls.:‘.?ajl.? ’cw‘.s“ _)‘Jjao
A8 o o
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Solution of Nonlinear Equations in Dynamic Analysis

The Wilson 0 Method Wilson 0 s,

Sl b i K ol s S sl (Linear acceleration Method) o> wlbs g, <l a3 Wilson 0 (%)
=1 Lo S| spioe cd S b 55 9> ,luie Wilson 0 2oy 53 35500 28 14 Ar B tole 5l ol
syl s Ol By, oles Wilson 0 g, 150

0<7<OAt 35 Ol |y oley e 2al58) o7

© gy daslgy sl ey s Ol i FHOAE Ut Sl o3l o
‘U "y Ny . .
1 t+TU:tU+0LA(t+0AtU_tU) (12)
¥ ¥ t
| t+Ar 1+ OA -
S HTUZtU-I-tUT-I- t+9AtU_tU 13
1 T [ Y )] (13)

1
6 At

Linear acceleration assumption of Wilson
0 Method

{HTU:tU_I_tUT _I_%tljz.z + - Z.3 (t+9AtU_tU)] (14)
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Solution of Nonlinear Equations in Dynamic Analysis

The Wilson 0 Method
ol r:.m‘j} t+6 At oles s (14) 9 (13) Lilgy sl ealizal

[HBAtU:tU + HZAt (t+9AzU+zU)] (1 5)

6> At?

Eme:tU_l_eAt tU_|_ (t+6?AtU_2 IU)] (16)

.J;obu’;&‘ t+€AtU > t+9AtU 9 t+€AtU J.> LS‘JJ U‘stSA L&uT)‘ 45

[+0AzU _ 6 (t+0AtU_tU) . 6 tU ) tU] (1 7)

CO* AP 0 At

. 3 . OAr -
oM _ HOMTT =2 'TU-2="U | 18
{ onr : 2 .
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Solution of Nonlinear Equations in Dynamic Analysis

The Wilson 0 Method
ol s Iy (1) osly 5 ol OVslae F 4 A7 0ley o Lol 5 beee ‘L“L;:L.’&’L? C)-’JJT Sz 4 5l 5

Sb0s ) sl sad 55 e Sjpo 4 Ot Olis S Sl res S 5 s EHOAL
"3‘9‘:’6"’ salanl LSJD?JL’ )‘Jﬁ 6‘)3 (52‘"

[M z+9AtU+C t+6AzU+K z+6AzU:t+9AtR] (19)

O‘JJAS

{tﬂ?AtR:tR + 0(t+AtR_tR)] (20)

sS dla N G5 e (19) daily s (18) 5 (17) Lailysy IS b

s b g il 5,,8(14) 6 (12) Lalyy s S wlpe s & Y0YU (17) daly s YU 6,180 L

.3_9.5;5@ cgwbm t+AtUj f+AtU ¢ t+AtU J:’."L‘““ T = Atulﬁ;
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Solution of Nonlinear Equations in Dynamic Analysis

The Wilson 0 Method
Wilson 0 %, rtf‘g rlfda\,o

Step-by-step solution using Wilson 0 integration method

A. Initial calculations;

|. Form stiffness matrix K. mass matrix M, and damping matrix C.
2. Initialize °U , U and °U
3. Select time step and calculate integration constants: & =1.4 usually

4 6 3 6 At a0\
Cloz 5 R alz— R Cl2=2a1 , a3=— , a4=_
(O A) oA > y
—4a, 3 At At?
CZS = ) a6 :1—— . a7 e , a8 —_-
\ 0 0 2 6 y

5. Form effective stiffness matrix

[k=K+aOM+a1C]

du")" JJ‘)fu"" U\:‘" tUL"J DL ULwi,’, J:’,-’Laﬁ EPUWE e L@.J I+ At ULQJ 3 g_)L’;..‘,; 9 UbCA.cJ.w c\.dbdbub 45@L> UTJ‘
L o> c;i}LJ %3, 4 3L Houbolt =3,
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Solution of Nonlinear Equations in Dynamic Analysis

The Wilson 0 Method
Wilson 0 %, rtf‘g rlfda\,o

B. For each time step;

1. Calculate effective loads at timer + @ At :

[ HONR = 'R+O("MR—'R)+ M (a, 'U+a, 'U+2'U)+C(a, 'U+2'U+a, fU)]

2. Solve for displacements at time ;4 9 Ay

[k z+¢9AtU _ z+9AtI’é]

3. Calculate displacements, velocities, and accelerations at time ¢ + Af -

CAtU:a4 (t+0AtU_tU)+a5 ’U+a6 tU\

t+AtU:tU+a7 (t+AtU+tU)

MUSU+ AL 'U+a,("™MU+2 'U) y

-
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Solution of Nonlinear Equations in Dynamic Analysis
The Wilson 6 Method

Cos| o.uT Cend b p) Oyl L 6.>BT >4 93 6\)‘5 r:.%:,..a ;i“: d:\ﬁ Vs e (4 d\;’.o

2 0|(U, 6 21U, 0 U0 ..
5 [Tl = 6=14, . oo
0 1]|U, 2 4 ||U,] (10 o0 =0

2 0 6 -2 ;. » 2 0
M = , K= = @ =eigenvalue (M K)=
-2 4 0 5

By 4.4429 0 17, =4.4429 sec
T =27nw = 1= =

0 2.8099 T, =2.8099 sec
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Solution of Nonlinear Equations in Dynamic Analysis

The Wilson 0 Method
-3 gud oA dwlwe t=0 o s 0 Jsles dslan 31 sl L

:dﬁ‘ C,Jb
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Solution of Nonlinear Equations in Dynamic Analysis
The Wilson 6 Method

48




Solution of Nonlinear Equations in Dynamic Analysis

The Wilson 6 Method
| ‘U
lime
U, U,
0 0 0
At 0.0061264 0, 2687
2At 0.0532188 1.3474
3At 0129838 B B3
4At 0.49504 3.9391
S5At 0.9600 4 B
OAt 1 .55572 5.3121
TAt 2 iRl S LGS
8At 2.68073 de BEFG
At W et S S
10A? 2.80773 3 DI
11A¢ 2.3209 2.5092
12A¢ 1 <505 Dreid D
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Solution of Nonlinear Equations in Dynamic Analysis
The Wilson 6 Method

6 | - | T | [
i %
H =
5 H
5 § .
%
Y
3 £ 3
§ § t
4} § : .
e §
%
. =
e ] ony, :
S 3t % £ H =
D o % o,
"0 - ™
=
Y
2+ xfy ™ =
L 5 : "
:
Y, } =
o H H i
H W
1 2 H 3 5 5 H =
H '-’.‘ H
: |
= 5 )
- 1 R L

|
0 5 10 15 20 25 30

RERRRRRRRRRRRRRERE Exact SO'Utlon
The Wilson

|
0 5 10 15 20 25 30
time [sec]

for At:% & 100A¢
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Solution of Nonlinear Equations in Dynamic Analysis
The Wilson 6 Method

U2
w
T

|
0 5 10 15 20 25 30
time [sec]

s EXaCt SO|UtI0n
The Wilson

|
0 5 10 15 20 25 30
time [sec]

for At:Q & 200A¢
20
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Solution of Nonlinear Equations in Dynamic Analysis

The Wilson 0 Method
Irj.b &:«‘b
At =10T, =10(2.8099) = | At =28.099

4 6 3

a, = _=0.0038771 , a = =0.07626 , a, =2(0.07626)=0.15252

(1.4x28) 1.4%28
a, =228 19660 g, = 208 6027693
2

a0, =012 610804 | 4 =1-—-=—1.1429 , a=2o-14 , o =2 _13159

\_ 1.4 1.4 2 6 )

. 2 0 0 O
K=K+aM+a,C :{ 4 }+(0.0038771)L) J+(0.07626)L} 0}

— > Static

n 6.0078 -2
= | K=
-2 4.0039
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Solution of Nonlinear Equations in Dynamic Analysis

The Wilson 6 Method
| ‘U
lime
U, U,

0 0 0
At 1.0903 11371.2
DAt 2.8199 -839.98
3AL ~2.6131 678 .7
4At 5.8555 -522.68
SAt ~4.4688 409.35
6A! 6.5916 -309.96
TAt e 2473 .66
8A? 5.9749 -181.93
Az B AETD 145.06
10Az 4.9264 ~106.12
1A =5 864 86.811
1241 B, BIGTT ~61.374
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Solution of Nonlinear Equations in Dynamic Analysis

The Newmark Method Newmark &3,

Slp b i K ol s S e (Linear acceleration Method) Jh> Obi g, <8l rots Newmark (s
3380 oA THAL Bt ol 5l ol
Given A ‘U+C 'U+K 'U='R

Too many unknowns ! Need assumptions.

Seek M t+AtU+C t+AtU+K t+Al‘U:t+AtR

Average acceleration § = 1 a=1 Linear acceleration § = 1, o=1
/ t+AtU / t+AtU
aemir A
00 2 T = TEUZU)
At
/ t+AtU =
. / AL . t+AtU:tU+£(tU+t+AtU)
tU tU+7(tU+t+AtU) IU . 2
TNU='U+ UM
/ t+AtU=tU+tUAt iAz‘2 tU iAtZ H.AtU
U f——r Ar? (77 AL tU/ | 3 |
+—(U+"7U)
4
r r 54




Solution of Nonlinear Equations in Dynamic Analysis

The Newmark Method Newmark &3,

ghige €35 b5 s 5 slas

[f*AfszU +[1-0)'U+0o ”NU]Az] (21)

[ AU U UM+ —a) 'U+a "U]AP ] (22)

D55 sm S O (ol 5 SULEEI s 4 il S b & S st sl O 4 &

Lg

e d 4f

0 =15" & Wilson 0 g5 5> S sln o> Ol iy, U blue (22) 5 (21) kuly, w3l 0=7 5 @
o Sl ol gy ) basderd Lol ossd K Jol s Newmark gy el

.Cew| 39,20 (Trapezoidal Rule) (glais; o3 sasld 4 45 ¢ S slgis |, (Constant-Average-Acceleration-Method)
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Solution of Nonlinear Equations in Dynamic Analysis
The Newmark Method

wibe (SSke Ol g, b bLis (22) 5 (21) Llg, ib =1 5 =13

%(tU+t+At U)

—————————— . ijgL.ch “‘b@\’“’\’d’d‘f’ (22)3(21) ‘b.b_)joju.c
JUSIE t+ At oles ss (1) daly 5o ol SVsles ool

ZU t+AzU 'Jﬁ"i’u"" sz

¢ <
t {+ At [ M z+AtU+C t+AtU+K t+AtU:t+AtR ] (23)
Newmark's Constant-Average—-Acceleration
Scheme

o le gl Vsles (21) dasly s 0T UK b o s s 07U s (22) b, J> 50 MU

s sal s a ably 95 ..»qu.,o J..o\; AT rjl.mb LSL"’L;.’.L?“.’\? s s AT 5 AT
A b s 35800 s 1180 o o b ond 6,130 (23) daly s YU MU

.;;;u.n Rl AT o IHALLT ealde (22) 39 (21) Lilgy s skl Coms QITATT

56




Solution of Nonlinear Equations in Dynamic Analysis
The Newmark Method

Newmark’s Method - Stability

To keep the algorithm stable
At 1 1

<
T 72 J6-2a
i 1
Average acceleration 5 _ % a=

—— Unconditional stable

. . 1 1
Linear acceleration 5= e

—  Conditional stable ATt <0.55

Usually for accuracy At< ¢ 1T or less!
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Solution of Nonlinear Equations in Dynamic Analysis
The Newmark Method

Step-by-step solution using Newmark integration method

A. Initial calculations;

|. Form stiffness matrix K. mass matrix M, and damping matrix C.
2. Initialize °U , °U and °U
3. Select time stepA¢ and parameters ¢¢ and ¢ and calculate integration constants;

0=05 , a=0.25(0.5+0)

5. Form effective stiffness matrix

[k:K+aOM+a1C]
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Solution of Nonlinear Equations in Dynamic Analysis
The Newmark Method

B. For each time step;

1. Calculate effective loads at time? +Af

[”At]%: “MR+M(a, 'U+a, 'U+a, 'U)+C(a, 'U+a, 'U+a ’U)]

2. Solve for displacements at time ; 4 Ay

[[% t+AtU: t+Atjé]

3. Calculate accelerations and velocities at time ¢ + Af :

s . )
t+AtU:aO (I+AIU_tU)_a2 tU_a3 tU

t+AtU:tU+a6 tU+a7 t+AtU
\_ _J
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Solution of Nonlinear Equations in Dynamic Analysis
The Newmark Method

Cos) a,uT Cend b ) SHgo L 6"}T >4 93 6‘)‘-’ r:.,...:w ;if J;\.sé Y las (5 J\.“..o

2 0l[U 6 -2|(U 0
“1 + Ll OUZO u@-g
0 1]|U,] |-2 4 ||U, 10 o0 =0

_ I, ,. . .. , :
CA=10T, (o At:ﬁ (A b s 55 cs sy s Sl o sllas Newmark (g, 5 sl |

2 0 6 -2 ;. » 2 0
M = , K= = @ =eigenvalue (M K)=
-2 4 0 5

. 4.4429 0 17, =4.4429 sec
T =27nw = 1= =

0 2.8099 T, =2.8099 sec
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Solution of Nonlinear Equations in Dynamic Analysis

The Newmark Method
-3 gud oA dwlwe t=0 o s 0 Jsles dslan 31 sl L

:dﬁ‘ C,Jb
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Solution of Nonlinear Equations in Dynamic Analysis
The Newmark Method
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Solution of Nonlinear Equations in Dynamic Analysis

The Newmark Method
‘U
time
t(]1 Z‘U2

0 0 ]
A 0.0068233 0.36614
0.051098 i. 3583

DAt
Qo TOTT 9 6O
3At 0.49005 4.0114
4At 0.97104 4.9615
SAt 1.5941 E.3384
6A7 5. o474 5.1189
TAL 5 SIS 4.4569
SA/ 3.0047 3, B9
Dl TS % BTEE

OAt
D, SEEE 5 .424
10Az 1 3Eed 2.3133
11A¢ 0.33052 2.4511
12A¢ =0 EgEnT 5, EEEE
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Solution of Nonlinear Equations in Dynamic Analysis
The Newmark Method

A
£
HE H ™
H H
5r H _
H %
; A
Y
H 'y, H .
4t % E _|
H
Ly H s
AVt X
A % = & H
N £ H
— 2 & " H H swing
) . \ !
) H
o P! £ ™
B\ H
2 3 : % * N
%\ H
Y i
E
1+ ; d
W
2§
P =
W
W
| 1 bl l

0 5 10 15 20 25 30
time [sec]

T EXaCt SO|utI0n
The Newmark

4 T T !

.
N &
3r § i .
s s S
H H 4,-*%
H H §
5l ; - ; 5 ]
H 5 § 5
H % H §
H H ]
= 1t H .
H H H
H H g
H 5
O & H -
&
%, 3 o
L !
e '-.a
-1+ Y _
1 o %
L I

|
0 5 10 15 20 25 30
time [sec]

for Atz% & 100A¢
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Solution of Nonlinear Equations in Dynamic Analysis

The Newmark Method
6 I I IF
4l | -
N
)
2t |
O | |
0 5 15 30
time [sec] | s Exact Solution
4 The Newmark

0 5 10 15 20 25 30
time [sec]

for At=£ & 200At
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Solution of Nonlinear Equations in Dynamic Analysis

The Newmark Method

lrj.b &:»Jb
At =107, =10(2.8099) = | Ar=28.099
4 1 0.5 ! )
a, = >=0.0050661 , a, = =0.071176 , a,= =0.14235
(0.25)(28) (0.25)(28) (0.25)(28)
a, = : -1=1 , a4=£—1=1 , a5=§(£—2)=0
2(0.25) (0.25) 2 10.25
% =(28)(1-0.5)=14.05 , a,=(0.5)(28)=14.05 /

. 6 -2 2 0 0 0
K=K+aM +a,C = +(0.0050661) +(0.071176)
2 4 0 1 0 0

~ 16.0101 -2
— — = KStatic
-2 4.0051
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Solution of Nonlinear Equations in Dynamic Analysis

The Newmark Method
. ‘U
lime
tUl tUZ
0 0 0
At s SRS 59885
2At 0:028271 D ,044389
3At 1. 8358 5 9005
4t Uy 111 57 D.17603
S5At L. BE8FL L.7267
OAt 0246349 0 380038
TAt 1.6688 5.473¢6
8At 042643 0.6800%
OAt 1.469 5.1498
10A? 0.64371 L R
11A? 1g 3570 4.7664
12At 0.8883 1.4437
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Solution of Nonlinear Equations in Dynamic Analysis

Analysis of Nonlinear Response: Newmark’s Method

EOM of nonlinear system

mii(e) + ¢ u(t) + (5) = p(t) o e

mi, +c i, +(f$), = p, ()i AkiAﬁ)_
i e () P ETan
m Aii, +c At + (Af). = Ap. Nonhnear

(A), = (f3), = (), T

_ (&), Au. = (k,), Au,

Au.

1

Tangential stiffness

function of displacement
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Solution of Nonlinear Equations in Dynamic Analysis

Analysis of Nonlinear Response: Newmark’s Method
ailise 03 Dogo 4 il v (50l Jala ol

[m Aii. + ¢ Nii + (Afs), = Api] (b1)

Shleosbe ol pslie (59,0 o) 55 &S

(F$)is1

@), = | @

oS Ol b () oo BB G S8 4 25
3 SeS Sl (8 S s pslae Uy 150 S
s R Bk, ol e Ol5es S B

5,5 Sl

Us)i

- U

@, = | )

[m Aii, +c¢ Aii, + k. Au, = Ap. ] (b4) Ztls cnlys (b1) 3 (b3) el (GIKole 5 T sl B |
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Solution of Nonlinear Equations in Dynamic Analysis

Analysis of Nonlinear Response: Newmark’s Method

Br .5‘9.:3 o:\.é.:,..;\ g;:ab L;’LQJ‘ r\f&ﬁj‘ UE.}J.:.C Lgur:a*.:m Br Jf\ Lo‘ J;d? Newmark L;’jj \g Q\;SGA ‘J (b4) 4&3‘)
‘-‘:’L-" 39294 5 Jds 90 4 e s BB slallas J.."JL'T 49

(SF0TT Do & Uas (S 6’:[@‘ 6\Arl§ﬁ) RGIUN IRy V0 GLKM (e L5L.’ 4 6"“"‘“ (ST |

(b 225

JJ‘.,\.:‘GA RIPLIRY ‘J C’..:‘Lmb—jﬁ Lf"’“ﬁ 9 Q.&fj alads uJJS ‘.\:.,g (.CA.:B L?’LU rtf)\ ssla! .2

J:s
b’ _ "'.’b
da -
¢ 7 {“H

!dc ™ Numerical

/ Exact

s

. Numerical
'
Exact
7 /{
g
al P
Uj Uiy
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Solution of Nonlinear Equations in Dynamic Analysis

Analysis of Nonlinear Response: Newmark’s Method

fs
‘ b’ b
{ - i
’ 7 N omnt a-< TN PN PO PR BY Y
‘\{ ,‘f ™ Numerical @p {ui>0 R T SR
/ Exact
u.
@ point b { o
ui+1
o
U; My

Lol 55 & 53l 552y Basle (glabais s (@le'f‘ 034 > e (U <O ) WBL e Zus s b db s S
¢ el p7 bty Slld 4 o1 gous 56 STl 558 pas S48 a0 bule Sl ons) o 4 o
et 2louls 9 CitS S bl eles Lo Cod Sl e S b B s (g2 5035 by 4alsl 56T

ey el 0 b 4 oy v ab 4 S Ol b & gan Sloj (8 s 5 aus

5,5 wele g eSSl ('K Jsb s (Iterative procedure) sus g 1SS Wy SO 6,0 L ons oyl glallas
S0 Doy 5SS Sl LSL“(K Jsb > bS5 Sl (\f;—“ Jsb 53 €658 pu
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Solution of Nonlinear Equations in Dynamic Analysis

Analysis of Nonlinear Response: Newmark’s Method

rf’.):fLSAJ‘BJJ ‘JJ:Q' ‘dmb Newmarkuijj CSL@\ LS‘J:’

[/@Aui = Apl_] (b5)

(. h o s S
k. =k +am+ac (b6)

Ap. :Apl.+[a2 m+(a, +1)c]ui +[(a3 +1)m+a; c]iil.

\_

(] S L

" oA’ ' oA P aA

a3=L—1 : a4=é—1 : aszg(é—Zj

\_ 2x o 2\ )
o r:\SGAdJ} ‘Jiw.\i‘@\jj&i}J;&jban{?
k. =k,
Au, = Au

Aﬁi = Aﬁ
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Solution of Nonlinear Equations in Dynamic Analysis

Analysis of Nonlinear Response: Newmark’s Method

[léT Au =A13] (b7)

f:} AR
A
_ t v 1 23
AR ﬁR{E] e / ~ 7ol
" ¥ 7 2
T AP
Ap ﬂfm éfﬂl
1 ‘w"?""’
AytD ﬁ_aﬂz-\-' Autd
(b)

[IQT =k, +a,m+ alc] (b3)

ﬂu{ Py Au®
- - o

4.?9&3).)

Iteration within a time step for nonlinear systems: (a) Newton-Raphson iteration; (b) modified
Newton-Raphson iteration.

- U
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Solution of Nonlinear Equations in Dynamic Analysis

Analysis of Nonlinear Response: Newmark’s Method

Modified Newton-Raphson Iteration (Tablel)

1) Initialize data.

[ ui(-l(-)l) = U, fs(O) = (ﬁ)l ARY = Aﬁi ]€T = Ai ]

2) Calculations for each iteration, j=1, 2, 3, ...

[2.1 Solve: k, Au” =ARY = Au" = (/QT)‘IARU)\
22 4 =l + A
23 AV = 59— 5970 4 (p — ke ) A

\2.4 ARV = ARV _Af(j) /

3) Repetition for next iteration. Replace j by j + 1 and repeat calculation steps 2.1 to 2.4.

(" ‘
. . . . . . Au( ) l .
The iterative process is terminated after perations = <& = Au= Z Ay

4

ZAM(J') j=1

! Yy,
74
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Analysis of Nonlinear Response: Newmark’s Method

Newmark’s Method: Nonlinear Systems

Solution of Nonlinear Equations in Dynamic Analysis

Special cases

(1) Average acceleration method  § = L a=1
(2) Linear acceleration method S=1 a=1
1) Initial calculations.
(1 i amcio=(),
m

1.2 Select At.

1.3 a,=a,m+(a,+)c & a,=

\-

~

(a3+1)m+—c

At)
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Solution of Nonlinear Equations in Dynamic Analysis

Analysis of Nonlinear Response: Newmark’s Method

Newmark’s Method: Nonlinear Systems

2) Calculations for each time step, i

6'1 Ap, =Ap, +ag u; +a, i, \

2.2 Determin the tangent stiffness ..

e

23 k, =k, +am+ac

2.4 Solve for Au, from l% and Ap, using iterative procedure of Tablel.
25 Au;,=aAu,—(a,+)u,—a,u.

26 Au,=a,Au;—a, u.—(a,+1)u,

w Ui =U; +Au; , uy =+ Ay, U, = U+ AL /

3) Repetition for the next time step- Replace i by i + 1 and implement steps 2.1 to 2.7 for the
next time step.
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Solution of Nonlinear Equations in Dynamic Analysis

Analysis of Nonlinear Response: Newmark’s Method

fs, kips ~
A abl; sl el 5 55 SDOF (s S Dlaiin (6 JU
» o B Glhe SaWm Ve IS8 —
b . . . e - . &
7.5 i - u—J\g 2 \a J.g‘J.g 29 J.:‘ Coo b (o C..:l..g Mbuaﬁ
. 9IS oo oSSle s () gy 93 4 pwsew sl 2
10
Na / - in &’L" 3 VK L Modified Newton Raphson Iteration (<
(.75
10 At =0.1 (SeC)'
10
v l ]
o d “ p. kips |
A 10 sin (7t / 0.6)

10
1 -
m=0.2533 (kip —sec’/ in.) : P "~<
k =10 (kips/in.) \
7, =1 (sec) .

o = 6.283 (rad | sec)
£=0.05
c=2&w,m=0.1592 0.6

= [ S2C
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Solution of Nonlinear Equations in Dynamic Analysis

Analysis of Nonlinear Response: Newmark’s Method

1) Initial calculations.

1.3 a, =(20)(0.2533)+(1+1) (0.1592) =10.45

\-

a, = (1+1) (0.2533) +% (0.1592) = 0.5066

4 1 0.5 )
a, = -=400 , a = = , Ay = =
(0.25)(0.1) (0.25)(0.1) (0.25)(0.1)
a, = L _ = a4:£—1=1 a =(O'1) -2 |=
\ 2(0.25) (0.25) 2 ((0.25) )
L1 i = Do —Ccu, —kyu, _ 0—-0.1592(0)—(10)(0) i =0
m 0.2533
1.2 At=0.1

/

LSS s oSSl s (I
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Solution of Nonlinear Equations in Dynamic Analysis

Analysis of Nonlinear Response: Newmark’s Method

2) Calculations for each time step, i S5 0 xSl ol ()

ﬁ.l Ap, =Ap,+a,u,+a,u, = Ap,=Ap,+10.45u,+0.5066 i
2.2 k, =k for branches oa, bc and de; and k., =0 for ab and cd.

N Ve

23 k =k +am+ac=k +400(0.2533)+20(0.1592) = k =k +104.5

24 Au =P
Ak,
26 w,, =u,+Au, , u, =u +Au
2.7 (fS) =(fs); + kA,
_ Piv —€ uz’+1 _(fg)iﬂ

m

2.5 i, =aAu, —(a, +1) i, —as i, =20Au, —(1+1) i, —(0)ii, = Aui, =20Au, —2 1,

~

/
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Solution of Nonlinear Equations in Dynamic Analysis

Analysis of Nonlinear Response: Newmark’s Method

LSS s oSSl s (I
* Average acceleration without iteration using A¢=0.1sec

Results
i A p; E,- Au; Uuj Uj
ti Pi (fs)i (Step 2.8) (Step 2.1) ki (Step 2.3) (Step 2.4) (Step 2.6) (Step 2.6)
0.0 0.0000 0.0000 0.0000 5.0000 10 114.5043 0.0437 0.0000  0.0000
0.1 5.0000 0.4367 17.4666 21.6356 10 114.5043 0.1890 0.8733  0.0437
0.2 8.6602 2.3262 23.1803 43.4485 10 114.5043 0.3794 2.9057 0.2326
0.3 10.0000 6.1207 12.3724 53.8708 10 114.5043 0.4705 46833 0.6121
0.4 8.6603 7.5000 1.6110 46.5455 0 104.5043 0.4454 4.7261  1.0825
0.5 5.0000 7.5000 -—12.4970 323703 0 104.5043 0.3098 4.1818 1.5279
0.6 0.0000 7.5000 —30.8738 53984 0 104.5043 0.0517 20132 1.8377
0.7 0.0000 7.5000 -—28.9930 -—-24.9304 10 1145043 -0.2177 —-09801 1.8893
0.8 0.0000 5.3228 —18.8932 -—448354 10 1145043 —-0.3916 —-3.3744 1.6716
0.9 0.0000 1.4071 —=2.7549 —47.9712 10 1145043 —-04189 —44568 1.2801
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Solution of Nonlinear Equations in Dynamic Analysis

Analysis of Nonlinear Response: Newmark’s Method

LSS s oSSl s (I

2
1.5
£ 1
S
0.5
0 1 1 | | | 1 1
0 0.1 2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
time[sec]
5 T T &
I-(T
% /
~= 0
=
>
_5 | | 1 Il 1 | | |
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
time[sec]
10
=
o
X,
o 9
2
o
L
0 | | | 1 | L 1
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

time[sec]
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Solution of Nonlinear Equations in Dynamic Analysis

Analysis of Nonlinear Response: Newmark’s Method

1) Initial calculations.

1.3 a, =(20)(0.2533)+(1+1) (0.1592) =10.45

\-

a, = (1+1) (0.2533) +% (0.1592) = 0.5066

4 1 0.5 )
a, = -=400 , a = = , Ay = =
(0.25)(0.1) (0.25)(0.1) (0.25)(0.1)
a, = L _ = a4:£—1=1 a =(O'1) -2 |=
\ 2(0.25) (0.25) 2 ((0.25) )
1 i = P, —Ccu, —kyu, _ 0—-0.1592(0)—(10)(0) i =0
m 0.2533
1.2 At=0.1

/

Modified Newton Raphson Iteration (<
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Analysis of Nonlinear Response: Newmark’s Method

2) Calculations for each time step, i Modified Newton Raphson Iteration (<

ﬂ A, =Ap, +ag i, +a,ii, = AP, =Ap,+10.451i, +0.5066 i \
2.2

k. =k for branches oa, bc and de; and k; =0 for ab and cd.

23 k, =k, +am+ac=k +400(0.2533)+20(0.1592) = /21. =k, +104.5
0 _ AR
kT
AR = 59 — U0 L (F — &, )Aut? ARUY*D = ARV — AfsD)
l€T =k, +am+a.c
2.5 Au,=aAu, —(a, +1) u,—as i, =20Au, —(1+)u, —(0)ii, = Au, =20Au,-2u,
26 Au,=a,Au;,—a, u,—(a, +1)u, =400Au, =40 u, — (1+1) 4,
=  Au, =400Au, —40u, — 2 i,

( i =i, + Aii J
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Analysis of Nonlinear Response: Newmark’s Method

Linear acceleration using A¢ =().1 sec

Modified Newton Raphson Iteration (<

No iteration

(=

Results
A pi Auj u;

ti pi (fs)i or ARY)  k; k; or Au'y) i i or u:f]
0.0 0.0000 0.0000 5.0000 10 114.5043 0.0437 0.0000 0.0000 0.0000
0.1 5.0000 0.4367 21.6356 10 114.5043 0.1890 0.8733 17.4666 0.0437
0.2 8.6602 2.3262 43.4485 10 114.5043 0.3794 2.9057 23.1803 0.2326
0.3 10.0000 6.1207 53.8708 10 114.5043 0.4705 4.6833 12.3724 0.6121
3.3254 0.0290 1.1116

0.2904 0.0025 1.1141

0.0254 0.0002 1.1143

0.22E-02 0.19E-04 1.1143

04 8.6603 7.5000 52.9849 0 104.5043 0.5070 5.3621 1.2027 1.1143
0.5 5.0000 7.5000 38.4086 0 104.5043 0.3675 47782 —12.8805 1.6213
0.6 0.0000 7.5000 11.0600 0 104.5043 0.1058 2.5725 -—31.2339 1.9889
0.7 0.0000 7.5000 —19.6226 10 114.5043 —-0.1714 —(0.4558 —29.3312 2.0947
0.8 0.0000 5.7863 —41.6857 10 114.5043 —0.3641 —2.9716 -=20.9850 1.9233
0.9 0.0000 2.1458 —47.9600 10 114.5043 —0.4188 —4.3095 —=5.7722 1.5593

U;

(Step 2.6)

0.0000
0.0437
0.2326
0.6121
1.0825
1.5279
1.8377
1.8893
1.6716
1.2801
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Analysis of Nonlinear Response: Newmark’s Method

2) Calculations for each time step, i Modified Newton Raphson Iteration (<
As an example, consider the time step that begins at 0.3 sec and ends at (.4 sec. The
calculations of Table 5.7.1 are implemented as follows.
1.0 Initialize data

uD =06121 £ =6.1207

ARW = Ap; =53.8708  kr = 114.5043

2.0 First iteration, j =1

1y 53.8708
T 114.5043
2.2 ul) = ul) + Auh = 0.6121 + 0.4705 = 1.0826
W, o=t +Au 6121 + 0.4705 = 1.0826.

23 afW = f7 - £+ — = AutD

2.1 irAu'l = AR or Au = (.4705.

= 7.500 — 6.1207 + (104.5043)0.4705 = 50.5454.
2.4 AR® = AR — AF(D = 53 8708 — 50.5454 = 3.3254.




Solution of Nonlinear Equations in Dynamic Analysis
Analysis of Nonlinear Response: Newmark’s Method

2) Calculations for each time step, i Modified Newton Raphson Iteration (<

2.0 Second iteration, j =2
33254

2.1 kr Au® = AR?, or AuP = = 0.02904.
114.5043
22 u?, = u?, + Au? = 1.0825 +0.02904 = 1.1116.

. a \
23 AP = £V — £V + —Au®

= 7.500 — 7.500 + (104.5043)0.02904 = 3.0349.
24 AR = AR — Af¥ = 33254 — 3.0349 = 0.2904.

2.0 Third iteration, j = 3

. . 0.2904
2.1 kr Au® = AR or AP = —— = 0.0025.
e o = 114.5043

and so on. These calculations and those for additional iterations during the time step 0.3 to
0.4 sec are shown in Table E3.6.
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Demonstration - SDOF structure under earthquake excitation

1940 El Centro EQ

2

o e e e "

ground acc. m/s

-4 | | |
0 5 10 15 20 Mh\
time s k

75-story building

m=4.61x10" ke

¢=1.04x10° N-s/m (1%) m—)
7 X
k=5.83x10" N/m g
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clear all;

Response of a tall building under earthquake

N

N
T

load elcen;

ground acc. mis?
o

1
N
T

m=4.61*1077; c=1.04*1076; k=5.83*10/7;

A

10 15 20

A=[0 1; -k/m -c¢/m]; B=[0;-1]; C[1 0]; D=[0]; y | | |

[x temp]=Isim(A,B,C,D,acc,time); 3 OzW
subplot(2,1,1); \ \ \ |
plot(time,acc); ° ’ N b ?

ylabel('ground acc. m/sA2');
title('Response of a tall building under
earthquake');

subplot(2,1,2);

plot(time,x);

xlabel('time');

ylabel('disp.- m');
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Commercial Software - MATLAB

The 1sim command operates in the STATE-SPACE domain

Original 2nd order

State-Space 1st order {

ol

X =

fo\
1

mx +cx+kx=p

mXx +cX +kx =p

X

P

gy

output <¢mm y=[l O]{z}ﬂo}p
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X =AX +BU [
Y =CX +DU - x
"0 1 0)

A = _k o c B=!11}
. m m_ gy

C and D depend on the output desired.

[x temp]=Isim(A,B,C,D,-acc,time); Demonstration !
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Homework

Cs! a.x.oTCM.o L p)Oyeo LS"J'T‘*.’J" 95 LS‘J‘J Mﬂ ;iﬁ Jalas Vs las (1 Bl

1 0||U 8 -3]|(U 10 _
”1 n 1 — OU—O &J‘é

0 2||U, -3 4 ||U, 0 007 =0
&°“§%LW@\£MC~“‘ < slks Newmark 5 Wilson 0 « Houbolt ¢ 555,0 Jli5 oy, 51 el b
s 460 Sl ok s Jed LU
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Homework

09 (@ 55,8 L (A Newmark gy 4 1) sad osls olis 29,0 5| &5 SDOF oo S C.Ai (2 cprs

’—'- v(t)
m = 0.1 kips-sec %/ in

Y/,

— pl1)

W

c= 0.2 kips-sec/ in

k=3 kips/in (total)

i

6

4 plt). kips
10

\

4

!
6 kips

Lsl S 4 1SS

$is 1.2 in Uinax

+

—6 kips

l

Load history

3

A

P

.
.

Inelastic displacement

Elastoplastic stiffness

| |
0 02 04 06 08

= . SeC
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