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Solution of Nonlinear Equations in Static Analysis
Full Newton Raphson Iteration Method
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Solution of Nonlinear Equations in Static Analysis
Full Newton Raphson Iteration Method
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Solution of Nonlinear Equations in Static Analysis
Full Newton Raphson Iteration Method
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Solution of Nonlinear Equations in Static Analysis
Full Newton Raphson Iteration Method
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Solution of Nonlinear Equations in Static Analysis
Full Newton Raphson Iteration Method
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Solution of Nonlinear Equations in Static Analysis
Full Newton Raphson Iteration Method
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Figure 8,11 Illustration of Newton-Raphson iteration in solution of a (generic) single degree
of freedom system. Top shows load-displacement relation, bottom shows iteration for zero of
function f used in (8.84). Here f = "**R — "*4F (u).
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Full Newton Raphson Iteration Method
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Solution of Nonlinear Equations in Static Analysis

Full Newton Raphson Iteration Method
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Solution of Nonlinear Equations in Static Analysis

Full Newton Raphson Iteration Method
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Full Newton Raphson Iteration Method
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Solution of Nonlinear Equations in Static Analysis
Full Newton Raphson Iteration Method
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Solution of Nonlinear Equations in Static Analysis

Initial Stress Method
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Solution of Nonlinear Equations in Static Analysis

Modified Newton Raphson Iteration Method
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Solution of Nonlinear Equations in Static Analysis

Quasi Newton Methods (Secant Stiffness Matrix)
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Solution of Nonlinear Equations in Static Analysis

BFGS Methods
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BFGS Methods
t+AtU(z’) u:,_:_g;' LS‘J" (1))‘)13 ui’ﬁj

\:u.»b CJ‘.’.‘JJ d)‘.&: 6uJ‘6‘ﬁ AU LSLL”‘JJDGL}LSM&“ : rﬁ) r‘.f

[t+AtU(i):t+AtU(i1) +ﬁA(7] (])

5ol ol 33,50 el 08 ks ol b blize Jolaials (sl & YISl oy S 0
o Jolo dewsy & AU L) 53 Jolaels (sla)ls adl g S 08 0 5 L

7T (t+Atp  t+AL (i)
[AU (R >]

AﬁT (t+AtR_t+AtF(i—l))

AﬁT(H_AtR—H_AtF(i)) : (Sjj:" LSLE}

.JJ;LS.A O:.:.x: (I) CJJ\.:J‘- PR HAtU(i) J‘..L&A .\.:.géM U\f @‘J BE) 4§ IB LS'.J.LG') J‘.\.EA

18




Solution of Nonlinear Equations in Static Analysis
BFGS Methods

oS Sl Gl e s JE 4

Update «urs il 77 5 80 5laslind LYK D ailonn 5 oty o805 1 abona 5l amy
oS a8 Bl 0l Jols s 4 | ead

[ (t+AtK—1)(i) _ A(i)T(t+AtK—l)(i—1)A(i) ]

QT_)J‘KS

~

M7, @) 12 5
V(i) —_ 0 v t+At K(z’—l) 8(1‘) _y(i) W(i) — —
5(1) ,Y(l)

19




Solution of Nonlinear Equations in Static Analysis
BFGS Methods
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Solution of Nonlinear Equations in Static Analysis
BFGS Methods
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Solution of Nonlinear Equations in Static Analysis
BFGS Methods
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Full Newton Raphson method
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Full Newton Raphson method

Solution of Nonlinear Equations in Static Analysis
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Solution of Nonlinear Equations in Static Analysis

Initial Stress method
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Solution of Nonlinear Equations in Static Analysis

Initial Stress method
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Solution of Nonlinear Equations in Static Analysis

BFGS method without line search
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Solution of Nonlinear Equations in Static Analysis

BFGS method without line search 3JL )=
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BFGS method by line searching only
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BFGS method by line searching only
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Solution of Nonlinear Equations in Static Analysis
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Solution of Nonlinear Equations in Static Analysis

" i 4l 51 153 Sl ol 3
A Dymnamic
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3 ’ sl adge o Sl ol (s abai Sl S (1
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Desplacement

uJ}.‘m L?"J} &5.93 L..:Lw‘ U &‘ MLL;A L?"J} MLQ thboJL..: @‘J}MJJ\.@AJAMJ“;{J(
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Solution of Nonlinear Equations in Static Analysis

i 4k 5 5l B o ol oy

Load

Limit point

N Casl o San oo b3 b Sl i L oS g3l5m 53 2 (4
28k oY (6nhdSS sS) o3l (S L) (o

ideal structure
actual structure

i
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Solution of Nonlinear Equations in Static Analysis

Load Displacement Constraint Method
(42 =00 s =558 b)) g ahai 5 512 o ol slelss)

S e s J S (6513850 s (1

S99 355 Jleel o3l & Ol 503 (2g) ol Lo
33 80 daslono abgs o 0y S s 5 Lo sl ol b bl
Displacement control
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Solution of Nonlinear Equations in Static Analysis
Load Displacement Constraint Method

(43 —0l s =5, slabns) i 4hal 51 518 oo pleil sleds)

Load
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Jb pelS b bles blas 5 B (su> dbi (gyay, S5 s

|

Deflection

L;? L*“ GMJ) LJ:‘jJ CJ":‘ Lo‘ JJjTCA.wJ.:* ‘J BCJ.:.«.«M
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Solution of Nonlinear Equations in Static Analysis

Load Displacement Constraint Method

Load

 — 2———.-___.

ALY R
*dAY R

‘AR

(43 —0l s =5, slabns) i 4hal 51 518 oo pleil sleds)

(zmzu(u , e+ 4(1) R)

(t+Atu(2) , L+ (2) R)
(1+Atu(3) ’ 1+ 9(3) R)

Displacement

obS-dsb b, (2

JL.’ o 2 “S:’. g,-ej-*'" ‘L‘buijj w‘ L;La‘ a.,\:s“
u:*“ls Lj U:"i‘}é‘ ‘J OJJb 6\.@)‘.3 CHAs 45;5“‘
(Kﬁ’.ﬁ & u-gbiw oo ol ....\be;o
VA8 el g 5 g 4 5l LS L

42




Solution of Nonlinear Equations in Static Analysis
(General Approach) JS cJl> j» yLS-Jsb be s,

[ J 25k o 342 S (a scalar load multiplier) 5L <o b - 747 )
t+Atﬂ ) R_t+AtF — O
Cuw) Culb &S (reference load vector) = Sbylsy iR

a3l (Bloldilee S5 45 ol nls (4 Uste S5 5 O, 1) sls Jseze 11 5 dslee

L'« |, Modified N.R. L Newton-Raphson wile Jo> & sladsles J> slo ks, 51 (SO 31 Jls b o

N.R. [;+Atk(i—1) Ay :(zm%(i—l) 1AL (i)) R_tFA (=D _ O]

Modified N.R. (d e 1) UK“’J&""SW _)‘3‘):’ A
(Usezn S0) 0L o258 o0 1 ALY
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Solution of Nonlinear Equations in Static Analysis

(General Approach) JS <dl> 5 ylkS-Job o s,

ok 8 sh S asl o Useme s s Sl s gams olis Sl SVslan Jo UL 51 S,
.:}SGAML&:W\J.“U’ CJJ}A&”J\:’ r\fdjb O"Jg'\:‘i" 6‘):’ u_éL,g\ dalas ¢ ‘ga Cﬁ‘d’d‘x’ '4-“5L5AQL5»3

[f(A/l(i) Y Au') = 0] (2)  wsl 550 o 51 il o0 dslas ol

r:;fas‘ 5 |y 5 Jaly, Load step &G s

Total increment in displacements within the load step up to iteration (i):

[um Ay + A® 4t A,,,("):f*mu(")—fu} 3)

Corresponding total increment in load multiplier:

[/1@ = AAD + AP 44 A/1<f>:f+%<">—%] (4)
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Solution of Nonlinear Equations in Static Analysis

Load Displacement Constraint Method
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Displacement
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Solution of Nonlinear Equations in Static Analysis

(Spherical constant arc length criteria) /s ;f ol gl Job jle

| 2 s - . - o & -
Sz b 201 (Additional equation plea) LU 5 et o LI gl Fge SUslae 51 (S
S ol Gh S QLS b s
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D e cas o u?
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Solution of Nonlinear Equations in Static Analysis

(Constant increment of external work) =, ,5Col o .II

o) 3 il (Sl o (fote ot b S5 S (2l collapse ahi (Ses5 53 Ase sl )
RGN &?350&» govr Y r.@ - 9,L r.@ - collapse a5 43 4Las
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Solution of Nonlinear Equations in Static Analysis

(Constant increment of external work) =, ,5Col o .II

3Ly i) A dbis 3l e Ll -rﬁ_}‘b rJ‘SJ S5 golade L8 Q.“a\ s 45(.:‘..96» k=0 & sl iteration >
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i 1) e Ap =1+ g (-1 p At g (D) (7)
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N
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Solution of Nonlinear Equations in Static Analysis
Riks J"-’J J11

Slmio SIS s 355 oo Sl G ‘-*35@ J2S 0L ged gad j‘J-’L"-" S 533 Qﬁ‘ﬁ
aoles JLos 1,185 S5lel dhais  ules 2 55es

Modified

Riks-Wempner Method Riks-Wempner Method

k
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Solution of Nonlinear Equations in Static Analysis

- T D
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Solution of Nonlinear Equations in Static Analysis

Riks uf'ojj J11

o

[Au =AA AL_l(i)]

O‘JJ&

[ t+Atk(i—1) Aﬁ(i) — R ]

03yt i (5 dlas

[ Al = M\/ ATD ATD 41 ]
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Solution of Nonlinear Equations in Static Analysis

Riks uf'ojj J11

o '

0) — A, (0) —
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Solution of Nonlinear Equations in Static Analysis

Riks UZJJ J11

J> o9y o) 4 Riks ASQW) $od dslae 5 su u‘l?;’ Jale SVslee gloser Jo 1l 5 amio g9, LSS
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Solution of Nonlinear Equations in Static Analysis

Riks uf'ojj J11

s r:.m‘y 1I) 5 (I) SVslas 31 eslizal b
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Solution of Nonlinear Equations in Static Analysis

Ramm %y, IV
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Solution of Nonlinear Equations in Static Analysis

Crisfield &35, .V
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Solution of Nonlinear Equations in Static Analysis

Crisfield &35, .V

29 R JSS ML&S LJ.& LSL?L} .3‘9..03 r:.b‘}; ‘JLQ-C‘ ‘_) leS Uij-) 29 B JSS GAK}D L;“j-)};;’ &:JL> L.Ji‘ 29
o)y rzdb‘y «Riks %3

A
2 4: 1
ﬂ(m)é i=0,12,...
i ( |p(i+1) |: Al \ (12)
20 P = 0 4 AR | (13)
W du(i)
=ty

o7




Solution of Nonlinear Equations in Static Analysis

[d 0 liA (i)\ Crisfield &35, .V
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Solution of Nonlinear Equations in Static Analysis

Crisfield &35, .V
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Solution of Nonlinear Equations in Static Analysis

(Converge Criteria) | S b ;Las
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Solution of Nonlinear Equations in Static Analysis

(Displacement Converge Criteria) olwl> o Ko jlae (1
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Solution of Nonlinear Equations in Static Analysis

(Force Converge Criteria) s o 2l S sl (2

t+AtR_t+AtF(i)

2
A Bt S & g, . Force Convergence Tolerance

‘ 2

L g

62




Solution of Nonlinear Equations in Static Analysis

(Energy Control Converge Criteria) 55! J <5 2! S jlae (3

Au(z’)T (t+AtR_t+AtF(i—l))
Au(l)T (t-i-AtR_tF)

<eg,

g, : Energy Control Convergence Tolerance

SU 1 (2) L (1) slslons 31 S ol il L o5 551

5 ssli]
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Solution of Nonlinear Equations in Static Analysis

ol

Use a computer program to calculate the response of the plane stress cantilever shown.
Use the Von Mises yield condition with isotropic hardening and increase the load P until
full collapse of the structure. Compare the solution efficiencies when using the full
Newton-Raphson, modified Newton-Raphson, and the BFGS methods and also use a
load-displacement-constraint procedure.

F
2 E = 200,000 MPa
a # 4mm v =030

g‘ 100 mm »! Er=20 MPa

Width = 1 mm
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