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Nonlinear Elastic-Plastic Analysis of Space Frames

d Force-Deformation Relations for Elastic Members
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Fig. 1. Member Forces 4
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Nonlinear Elastic-Plastic Analysis of Space Frames

1 Large Deformation Elastic-Plastic Analysis

Sl 5 Lasl (s US55 o (2503 4l

X, /I\ 1l 3 Dyp0 4 bl
|
M el _
VSRS DU S (1) £
&= | . —) €= > = =3
I N 6y g
M, §® _?/E i@ 6\4%}.{.:”:,«3 55 J.’“JLE.A RW-X QL.‘;; {Aﬁ} )‘.)J:s
M+  w Sl g (g
; —

L u, =6, u,=0 u, =06
M, 1 — Uiz Uy =Uy 3 =V (14)

Q 0, ! 5 Q M L_l4:922 I/_lS:(Dt L_l6:I/l/€
Mt << @ N 92?/ 6 - { - )Xl

M , =1 - . o e
co “ Lol IS {S}}MWLSL‘”J&J:‘:‘-"-’J"J:’
= |
v — B ~ 2

Fig. 2. Relative Member Deformati d =M 5 = Ma 5 =M (15)
1g. 2. Relative Mem fzr eformations an Y S M g Q€

Corresponding Forces L 4 22 5 t 6 y

10




Nonlinear Elastic-Plastic Analysis of Space Frames

1 Large Deformation Elastic-Plastic Analysis

E3C ;3 T E:Con +
3C13 2py 363 oy s e
G13G23 232 G23G12 G23G22
E3Cy; T E.Cr+
363 2 RE iy e
[t]:% 7:2[_]12 712'32]—[12 E)Cpp T 212 E,Cy T+ 122[_2122
GG
(2'32([;;2 (;2-32(;122 E,Cp +—5%  E0,+—5
0 0 0 0
G G Gy, G,

-/

—_
W

(16)

TN, o P m|Rxm|P




Nonlinear Elastic-Plastic Analysis of Space Frames

1 Large Deformation Elastic-Plastic Analysis
(16) A'Ef‘) BE 45

’ ’

[Glj =6, +c;j02j] .

* * eeee N 4 /
qj.wﬁgw ClijZj

7’ 11, ,
[ H:?_*_Z g_blj(elj+92j)2+b2j(01j_02j)2] ] (18)
j=2,3

Llyy ol o

I /
{ 81271 ) ﬂ:m ] (19)

Zesl (LS o0 sl Olaa 1 T

12




Nonlinear Elastic-Plastic Analysis of Space Frames
O Inelastic Effects

Sm s oL Sl glud 30 2 drw
Qlﬁaﬁ

*

Tl Sy — SVl il L3, -

(Srae) Sl Juabo 0 40 Lasl gl ps 0ad 51> -

wislon U SaWl &y 4 Sl Jaie 93 s Job s Lael -

ol sa 5 O o Sl olin s (25 cei8 ) Sl )ls sl 5 (Swsdcie (25,5 Ol -

'rjﬁdlsbc&uﬁj Ubda.\.su“

&Mmua(Lm(L&A)u.&md)t}wdthM -

wbosg yls 8 Jlasl wll s Ll Sy i 3529 e 4 IS8 i — 5, Jﬁ:"b@%ﬁ -

s ol Sl Juaie (5 Sl oo 3525 e 4 [1] ool -

Sl oo 5525 Sle 4 [1] s -

(P=M =M) 5l 4 plas (s 51 an S oslizal b Lae 5 pmn (55,08 embona sl 39 il -
xS o | iols8l 1 il 58] - .
S A M Sl Glon b 5 o sl St

13




Nonlinear Elastic-Plastic Analysis of Space Frames
O Inelastic Effects
133,85 00 (2,5 p3 Cygo 4 Sl Jolie L2561, ( Yielding Criteria) r:.LASJl.:M
O X p
2 —\2
+[Q] (=12 | @ (.=, 4] @y

2 _\2
3 M.
8 = (Mt) +Z -
Mp1 = ij

\_ = - y

el oad LS5 guae i slgs] s Sl Jolie S ol it S M

Sl sads JS5 pae slgl js Saly Jolin S Sl (g g9 10

ot 25 Sl Joolin e i sl S S X, yma Uy ol 10500 S 1M,

S Jaod 150 (e S 5 a5 500 DLl 53) Al Gl s phaie 8 Sl glee M)
oS Jors il 5ig0 (Al s s phis S (772,3) X, Lsme I e SO Sl plee M,

(g <1 =  S¥lghi, ) e :Fy
gizl — &_i:‘.:wu.s“_)‘)ﬁjbckjﬁ
\gl_>1 — Cﬁ.w‘a.\.&.swﬁ)

14




Nonlinear Elastic-Plastic Analysis of Space Frames
O Inelastic Effects

Sheslins sl 4 plesl gloduaie 5o sie Ll ol slaphss Wsde b Sl sbofais S Sl
L (4) b (1) Lulsy cpae blis glog,s 5 o S JSE ds Lailyy 51 olome sl S (6,80 (sla s 5L

A
|
M, M,,
27N e
X
Mt«—Q%./ N :f PLUNNING " (1) e w45 L
/13 i ~M23i | sae 1 slesl o Sl Jada 3529 258 L
Y 4 | L
X3 [V €(1+5) lu‘
| 14 L KM Czj .
| — 6, = ——=0,, (j=2,3)| (22)
Fig. 1. Member Forces El, ST ST

‘—sze =2 3| 3
| (j=2,3)] (23)

1)

15




Nonlinear Elastic-Plastic Analysis of Space Frames

(d Inelastic Effects .
s gLl 9o 5 Saally Jate 5525 4258

9_:€<Cle1j_csz2j) (J:2,3) (24) szzg(clezj_cszU)

1
! E]j(cljz_Cij) E]j(cljz_Cij)

(/=2,3) |(25)

KM LQ“‘J“J’}*”LSL@;"WMQBJ‘°MCJ£A‘:‘JL>MJ‘“$.J'&’J5

g = (26)

t

(5"""‘"(5““0‘.))5 cMLﬁ &uﬁ&d&&ﬂ.ﬁdb‘bﬁb 6‘.@.0‘_).3) ‘.@...s‘g.i.*_p L;%ﬁ‘j LJ"ML;‘J"’ 45&)..49 (5‘_).9
M‘GA Cawd L (25) (24) Ja.:bJ J‘ 62Jj 1]@‘.@‘;‘
w3l 2 slesl 5y Sl Jaie S 5 1 skl s i Jaie S sbls (ppae ST s )

lc, M, . le, M
01].:— 2]2 2] : : ezj 1j 2j > (]:2,3) (27)
EIj(clj —Cy; ) El. (clj —Cy; )

16




Nonlinear Elastic-Plastic Analysis of Space Frames
O Inelastic Effects

ol 4 wilion Wl 9 s Jate Ll S (pgde ood S Sl 1285 (512 (16) ahaly 5o (plon (3 s 5o [1]
1S Wl oo Cawd 4 Dys0

Sl 4 Cond oz & dlex ool Cows @ Ll 533,50 Bi (4) b (1) Lasly, 5l sns o151 Ol
6\"’@}*4.“‘:"’ bw)sﬁjbdfo &::Mugﬁdhg’;:ﬁjlaﬁ@w Q‘J:.:ASJ";‘ .3 guo oA 4.’2.9;&2.&.» o,\S\.nufe\f
ilgr S 4 5 Spso 4 [t] 6X6 e Sl Sho nf baalis (552,18, (a8l lafuate wsle S

t | lLS\.g.?&‘JJJ.a_é.agiﬁdbb 663}4; <l

al . .
t;=t,;= —— (for i,j=2,4,6) (28)
211433 72413

Q‘JJAS

(29)

>
Ay = Z;Z\325; = Zy;Zy;233 T 213232y, — 2112323 ; T 2112253~ 215 2

17




Nonlinear Elastic-Plastic Analysis of Space Frames

d Inelastic Effects
el 2 gl s J..a_u biﬁd‘)‘-’ 663}4; LS‘J‘.’

a..
fo=t, = J (for i,j=1,3,6) (30)

QTJJS

A =2,2002 = ZrZ0 Zag 2.2y Z0s — Z:Zg F 242y Zg — ZiaZonZ (31)
ij 24244 j4a T 4240 444 ij422%44 T “jj%04 442424 T “j4%22% j4

sl Juate glls gl 93 55 & ssae gl s

tee = AEC | (32)

(S Al st pom) Wil il 550 hate sae sle]

18




Nonlinear Elastic-Plastic Analysis of Space Frames
O Inelastic Effects

AM,, =AM, = AM, =0
&:awu‘ OMJB"QJ“&}*&'CLSJWszfJ;LSJJﬁWBOWlngJS‘J“ (32) AL""JJbW
Ac,; =0

g o Dolan (sl 5 35800 200 (pulas T o o ¢ 15 sl sl ol 558 5
& 44)5).& €5 90 o os\au| (e Jalas Vs las J} ! Newton Raphson | 55 3 4564\.@ ;;;u.‘p Ll
J"LSJ""L’ L W‘VS‘J)‘J‘J& M‘Jﬁja L}."Jidb CJJ 63de}o.&njjlo L cw\-oﬁtgmduwjuubjm

J)‘&G&Qb cw\.:él.:u;‘)i.w &3)63)

tsl e s 4o byl 1 IS Sl ois s [T] sie lon (s s il
[[T] =[R][B]][B]"[R]" +i_§k [R][g“‘)][R]T] (33)

RGI PRV Py (4) B 3 (33) dasly 45 59> 90 L;Ubj‘;,ob\.;
19




Nonlinear Elastic-Plastic Analysis of Space Frames
1 Solution Technique

oS SVl LT s s4d 1S5 Newton Raphson b ol es 5o oL SRl ey b olie Sl Wy,

e 5 S i 0 b B s st ) Ll 5 bl s S 0T 5 4 el lad OB Sy sla S
ol s w3l Sl o 51 56 Lael g5l o5l gl ol

D b‘_}TdL@SS‘JJ LbQ‘_;jb 9 csz 9 blj cBowing Functions J.o\.& Q Locl (SI97R (53_):3 L Lj.s_).n (4) 4@‘) 3
u.eL.:‘J.:j..Ac <SS S50 (S a&ﬁj‘ﬁ VY giﬁj‘ sl b J.MLLGA Q 3! G’ub 39> cs‘jl' uﬁ‘ S ol
50 e o glae LBL S kS dnin

5dse LA Am Dk Sase (S5 Febl So s (4) il WL LB Gl et )

[ K(q)="5q+ ij—%=0 J (34)

roa
OT_)) 45
Q1 /
= , A=— 35
1 E 1/4 e

el ol p e el Oles T

20




Nonlinear Elastic-Plastic Analysis of Space Frames
1 Solution Technique

bge p3 Dose 4 e S ol

41 =9, 7Aq,=q, _@ (36) L) S 58 S o5l Ag
K'(q,) ‘

l

~

C)‘JD‘\g

{K'(qi>=’;+2c;j] (37)

Jj=2

( ’ ’ ’ 4 4 / / \
Cy =b;(6); +6,, ) + b, (6, -0, )+ 2b,;(6,; +0,,(6,; +0,;)+2b,,(6, - 0,,)(6, - 0,))

(j=2.3) |

(38)

\.

ool Sao b ol el sl Jate b o o g0 4 o Jaio s slasl slesl s 6] sbosls

21




Nonlinear Elastic-Plastic Analysis of Space Frames
1 Solution Technique

L qea &:au:u.u) (27) Lﬁ (22) bbJJ‘LSJ"SdM LJ‘J‘ LSLQLG""‘JJ ij QJL:";MALS‘J‘JW._}S:’. 6“).3
1 sles) 5 ‘._i“....wilgd..m \gj..a‘_c‘g.fu“d‘ﬁ uﬁ‘jb ..\:s\u.n Cawd

’ g I 7/ I 7 9 .
6, = —(M[ ¢, - M, ¢/ )+—L(cl,c;,—c65) . (7=2,3)] (39)
El e, 1j
2 sl o Sl Jatn b sle SG 6
p 14 ¥ :
6?2].:E]C (M2]C1J szclj)-l- (cljczj cljczj) , (J=2,3)| (40)

€15 Clj

22




Nonlinear Elastic-Plastic Analysis of Space Frames
1 Solution Technique

sl Jeate ghls gl 93 55 & osie gl s

( f 'Ya As’ e As’ \
491].: > > 2[(cle1j+cle1j—chM2j—csz2j)
E]j(clj — Gy, ) (41)
\(Cljz_c2j2)_2(cljﬂlj_C2jj\72j)(cljcl,j_c2jcgj)] , (j=2,3) )
( é 'Ya As’ 7 Aq As’ \
6, = 2 e, My +ey My —cy M, —c, M)
E[j(clj —Cy; ) (42)
(Cljz_Cij)_z(CleZj_C2j]\71j)(cljcllj_02jcgj)] ) (j:233))

\

S 4 Lol (20) ol s B (St 51 (Sl S cd b gite <M (42) 6 (39) Ll s
olse Cews 4 q (5557

(42) 6 (39) Loty 5o a2l adls o fuaio s s

23




Nonlinear Elastic-Plastic Analysis of Space Frames

1 Solution Technique

/M, _dM,, _ oM, .aQ oM, oM, dQ aM12 OM dQ\
127 dq - 00 dq aM 00 dg aMB 00 dg
(43)
—, dM,, oM, .aQ oM, oM, dQ aM13 M, dO
B dg 90 9g oM, 90 dg BMIZ 90  dq
- y,
oM y ) B
L = ___ _ _ S = [ / ,
[aQ [(gl _(Q /Qy)2)2 —(M12 /Mp2)2 _(M13 /Mp3)2]0.5 (Qysz ( (Q Qy) )J(44)
(o D
oM, _ - 4 B
90 [(gl_(Q/Qy)z)z_(M13/Mp3)2_(Mz/Mpl)z]O'S (45)
oM, _ 4
ag [(g1_(§/Qy)2)2_(Mt/Mpl)z_(Mlz/Mpz)z]O'S

\

24




Nonlinear Elastic-Plastic Analysis of Space Frames
1 Solution Technique

KBJ\YU _ _(MpZ/Mplz)Mt \
M, [(g-(0/0,))~(M/M,) ~M,IM,)T"
(46)
oM, ~(M ,,/ M ;)M
oM, [(&—(Q/0,)) ~(M;/ M) —(M, I M) 1"
\ _/
C)MB _ _(Mp3/Mp12)]\7t \
aﬁz [(g1_(§/Qy)2)2_(Mz/Mm)z_(Mu/Mpz)z]Oj
(47)

BMB _(Mp3 /Mp22)j\712

oM |, —(010)) =M, /M, ) —(M,,/ M ,,)*1*
\° [(g,—(Q/0,)) —( ) —( )]/

>80 p Vb Slles Lt M7 5 M,

25




Nonlinear Elastic-Plastic Analysis of Space Frames
1 Solution Technique

Ju.‘l;o Cd L (3) L*( )h‘jj}‘ Yy LF’\'G""‘ 6\.&‘){‘] “""""U"‘""’ULSJ‘JS" A9 L’}AC&J}N 63‘)..4 SQTJ‘JJU
JJ;GA slol oy e LSL.M‘Q&.AL S ain (il 513, (20) dal, (r»vL&-’JL&O 5L CE\.AAJJ S s
DJJSGA_)}JJJJJ h.))ja&@d‘ﬂwﬁ‘)b CML‘ aw&ﬁgw(_g@‘);m&ﬂ»ﬂadbdw;‘

_ (), a N
AMU_(EZEIJMU.(AQ) CG=1,2 , j=2,3)| @48

— (7
AM, = (n — jM, (AQ) (49)

S5 550 5w Slie 51(20) sl S o 51 plbsl g1

26
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(J Numerical Solution y
2

Example 01

|

I

!

o
A

/
/
/
s
4"
]
E = 29000.0 Ksi
4" G = 11500.0 Ksi
Fy = 36.0 Ksi
Ty = 21.0 Ksi

Horizontal bent: dimensions and properties (1 kip =4-45 kN, 1 in. = 25-4 mm).
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(d Numerical Solution

Example 01 105.01- ©Present Analysis

® Plastic Hinges Present Analysis 3

~ = =Shi and Atluri(Ref. 5)

Load P (Kips)
& 8

W
O

15.

00 0.1 02 0304 05
1 | | A i
0.0 4.0 8.0 120 16.0 20.0
Vertical Deflection of Joint C (in)
Load-deflection curves for horizontal bent (1 kip =4'45 kN, 1 in. = 2-54 mm).
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(d Numerical Solution

Example 02 P/8 P/8 Fpe 28
P/8

P/8
P/8 P/8

eP

L =47.992 in I
H= 15.984 in

mmA ,,;,,E_l_
"l‘ 7@L/8

L/186 /16
_ E = 20000.0 Ksi
r=0.288 in G - 1m.0 KSi
Fy = 42.0 Ksi
Typical Cross-Section Ty = 26.7 Ksi

Gable frame: dimensions and properties (1 kip = 4-45 kN, 1 in.=2-54 mm).
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(d Numerical Solution

Example 02
0. : 4
2 0.459 K
0.5 3 3 v0.521 K
1,2 )
Experimental Results
~ e=00
§0. —Experimental(Ref. 15) r (Majid 1972)
¥
0.
v0.3 X Plastic Hinges ExperimentakRef. 15) 0.544 K
3 e
5 O Present Analysis (e = 0.001) 1 0.459 K O 2
OPlastich%esPrmntAna 8 0519 K
0.1 (e = 0.001) el ?
e = 0.001
0.0 0.3 06 09 12 15 1.8 2.1 ¢ Plastic Hinges

Vertical Deflection of Joint C (in)

Load-deflection curves for gable frame (vertical
deflection) (1 kip=4-45kN, 1 in. = 2-54 mm).

Plastic hinges at collapse-gable frame
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(d Numerical Solution

Example 03

20.62' 20.62\

X2
I —t E = 432000.0 Ksf
4.0' Ja G & 134320.0 Ksf
(e Fy = 2160.0 Ksf

I' 2.5 'l Ty = 1200.0 Ksf

Typical Cross-Section

Framed dome: dimensions and properties (1 ft. =0-305 m, 1 kip = 4-45 kN). 31




Nonlinear Elastic-Plastic Analysis of Space Frames

(d Numerical Solution

Example 03

Load P x 103 (Kips)
ol

// O Present Analysis
® Plastic Hinges Present Analysis

X Plastic Hinges(Ref. 16)

' - ] ' A

0.0 0.5 10 16 2.0
Vertical Deflection of Joint 1(ft)

Load--deflection curves for framed dome (1 kip =4-45 kN, 1 ft. =0-305 m).
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L Numerical Solution >|<2
P/2 P/2 1o
3P P
Example 04 o /¥ P /L "" %
P/2 P/2
9 ,
VAR &
, X 5
|| | s
R
P
E
20.0cm
(Beams) G
3 %
9 X.
§I ?J'A ”"B 300.0 cm
; 'i < il
40.00"‘ 400.0cm
(Columns) 5 2
E = 2x10 Kgf/cm

2
G = 85470.0 Kgt/cm
Fy = 1000.0 Kgl‘lcm2

Ty = 570.0 Kgf/cm_
Two-storey frame: dimensions and properties (1 kgf = 2-:2046Ib).

Typical Cross-Sections
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(d Numerical Solution

O Present Analysis

Example 04 @®Plastic Hinges Present Analysis
14,0l = ~Arowris ot al.(Ret. 16)
12.0+-

10.0-
S
"o
& 6.0
©°
8
-
o

$

00 100 200 300 40.0 500 600 70.0
Horizontal Deflection of Joint K (cm)

Load-deflection curves for two-storey frame.
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