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Torsion

(d Torsional Loads on Circular Shafts

t * Interested in stresses and strains of
=7 circular shafts subjected to twisting
couples or forques

Rotation

Turbine

» Turbine exerts torque 7 on the shaft

 Shaft transmits the torque to the
generator

* Generator creates an equal and
opposite torque 7°




Torsion
(1 Net Torque Due to Internal Stresses
* Net of the internal shearing stresses is an

internal torque, equal and opposite to the
applied torque,

T:Ide:_.'p(TdA)

 Although the net torque due to the shearing stresses
1s known, the distribution of the stresses 1s not

 Distribution of shearing stresses is statically
indeterminate — must consider shaft deformations

* Unlike the normal stress due to axial loads, the
distribution of shearing stresses due to torsional
loads can not be assumed uniform.




Torsion
] Deformation of Circular Shaft

The distance /between the outside -

circumferential lines does not change "

Significantly. ;

The rectangles become parallelograms _— /“'
whose sides have the same length as | T

those of the original rectangles.

The circumferential lines do not : . |
become zigzag; that is ; they remain in ”/' ‘ / ‘ /

parallel planes.

The original straight parallel longitudinal lines, such as 28 and €d, remain parallel to
each other but do not remain parallel to the longitudinal axis of the member. These
lines become helices.




Torsion
] Deformation of Circular Shaft
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Torsion
] Deformation of Circular Shaft

« Torque applied to shaft produces shearing
stresses on the faces perpendicular to the axis.

* Conditions of equilibrium require the
existence of equal stresses on the faces of the
two planes containing the axis of the shaft

The existence of the axial shear components is
demonstrated by considering a shaft made up
of axial slats.

The slats slide with respect to each other when
equal and opposite torques are applied to the
ends of the shalft.




Torsion
] Deformation of Circular Shaft

When subjected to torsion, every
cross-section of a circular shaft
remains plane and undistorted.

Cross-sections for hollow and solid
circular shafts remain plain and
undistorted because a circular shaft is
axisymmetric.

Cross-sections of noncircular (non-
axisymmetric) shafts are distorted
when subjected to torsion.




Torsion
] Deformation of Circular Shaft

« From observation, the angle of twist of
the shaft is proportional to the applied
torque and to the shaft length.
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Torsion
(1 Shearing Strain

« Consider an interior section of the shaft. Asa
torsional load is applied, an element on the
interior cylinder deforms into a rhombus.

 Since the ends of the element remain planar,
the shear strain is equal to angle of twist.

e [t follows that

Py

Lv= = —
y=pp or|y 7

 Shear strain 1s proportional to twist and radius

Yinax = ¢ and |y = £ Y max
L C




Torsion

1 Torsional Shearing Stress

The Elastic Torsion Formula

If Hooke’s law applies, the shearing
stress 7 1s related to the shearing strain y
by the equation

7’:2

C

- (7]
C

The shearing stress varies linearly with the
radial position in the section.

7/max j G 7/ = £ G ymax

C

(7=G7]

-1

RS B
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Torsion

1 Torsional Shearing Stress

* Recall that the sum of the moments from the internal
stress distribution 1s equal to the torque on the shaft at
the section,

T:jprdA:jp( T )dA= maxjp dA :[T:T

° ” ” T
The results are known as the elastic torsion r =" and 7= _,0

formulas,
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Torsion

1 Torsional Shearing Stress

T
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Torsion
1 Angle of Twist in Elastic Range

« Recall that the angle of twist
and maximum shearing strain
are related,

_co

7/max _ T

* In the elastic range, the shearing
strain and shear are related by

Hooke’s Law, « Equating the expressions for shearing

Te strain and solving for the angle of twist,

(]

—_ max
7/1’1’13_X

G JG - \
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Torsion
1 Angle of Twist in Elastic Range

If the properties ( 7, G, or J) of the shaft are functions of

the length of the shaft, then

14




Torsion

1 Angle of Twist in Elastic Range

o If the torsional loading or shaft
cross-section changes along the
length, the angle of rotation is
found as the sum of segment

rotations

-3
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Torsion

1 Torsional Shearing Stress

Example 1

A hollow cylindrical steel shaft is 1.2 m
long and has inner and outer diameters
equal to 40 mm and 60 mm. (a) What is the
largest torque which may be applied to the
shaft if the shearing stress is not to exceed
120 MPa? (b) What 1s the corresponding
minimum value of the shearing stress in the
shaft?

40 mm

60 mm
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Torsion

1 Torsional Shearing Stress

Example 1

(a) Largest Permissible Torque

(b) Minimum Shearing Stress

~ 60 mm
40 mm

17




Torsion

1 Torsional Shearing Stress

Example 2

Shaft BC1s hollow with inner and
outer diameters of 90 mm and 120
mm, respectively. Shafts AB and
CD are solid of diameter d For the
loading shown, determine (a) the
minimum and maximum shearing T, =6kN-m
stress 1n shaft BC, (b) the required

diameter d of shafts AB and CD if i =
the allowable shearing stress in T.=26kN.m /D
these shafts 1s 65 MPa. T = 61N~

0.5m

A | 120 mm

18




Torsion

1 Torsional Shearing Stress

Example 2

SOLUTION:

 Cut sections through shafts AB and BC and perforn i
static equilibrium analysis to find torque loadings T, = 26kN - m
T),=6kN-m

T,,» = 14 l’\\] + [T

Ty, =6kN -m

19




Torsion

1 Torsional Shearing Stress

Example 2
SOLUTION:

 Cut sections through shafts AB and BC and perform

To=26kN-m /D
static equilibrium analysis to find torque loadings T, =6kN.m

T, =6kN.m

20




Torsion

1 Torsional Shearing Stress

Example 2

» Apply elastic torsion formulas to find minimum
and maximum stress on shaft BC

=3

21




Torsion

1 Torsional Shearing Stress

Example 2

* Given allowable shearing stress and
applied torque, invert the elastic torsion
formula to find the required diameter

6 kN -m

22




Torsion

1 Torsional Shearing Stress

Example 3

What torque should be applied to the
end of the shaft to produce a twist of
2 degree? Use the value G= 80 GPa
for the modulus of rigidity of steel.

60 mm
40 mm

23




Torsion

1 Torsional Shearing Stress

Example 3

60 mm
40 mm

24




Torsion

1 Torsional Shearing Stress

Example 4

What angle of twist will create a
shearing stress of 70 MPa on the

inner surface of the hollow steel
shaft?

60 mm
40 mm

25




Torsion

60 mm

1 Torsional Shearing Stress

Example 4

26




Torsion
(1 Normal Stresses
* Elements with faces parallel and perpendicular to the shaft axis are subjected

to shear stresses only. Normal stresses, shearing stresses or a combination of
both may be found for other orientations.

27




Torsion

(J Normal Stresses

‘]/!
J T
- I; (.
Xy Ig
34
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r..,dA cos o

X

.. dA s o
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Torsion t\ |V

(J Normal Stresses

ZF} =0 =
7, d4—7 (dAcosa)cosa+7 (dAsmoa)sina =0

r..,dA cos o

X

= [z'm =7 (cos’ ¢—sin’ @) =7, cos 20(]

r,.dA sin o

YFE =0 =
0,d4—7 (dAcosa)sina+7, (dAsina)coso =0

= [Gn =27, simmocosa =17, 82 ]
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Torsion

(J Normal Stresses

* Consider an element at 45° to the shaft axis,

D - E
 pm T Tinax "\[!
45° 45°

B-j_—#CB-'—C

‘1||;|\"\H "max? 0

-

: )
o,=17,sn2x
=45 = o =T =7

nmax ntmax max

T =T. COS2
\ nt Xy
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Torsion
J Normal Stresses

* Element a1s in pure shear.

* Element ci1s subjected to a tensile stress on
two faces and compressive stress on the other
two.

* Note that all stresses for elements 2 and c have
the same magnitude

31




Torsion

(d Torsional Failure Modes

T

Ductile materials generally fail in
shear. Brittle materials are weaker 1n
tension than shear.

When subjected to torsion, a ductile
specimen breaks along a plane of
maximum shear, 1.€., a plane
perpendicular to the shaft axis.

When subjected to torsion, a brittle
specimen breaks along planes
perpendicular to the direction in which
tension 1s a maximum, 1.€., along
surfaces at 45° to the shaft axis.

32




Torsion

1 Torsional Shearing Stress

Example 5

A cylindrical tube is fabricated by butt-
welding a 6 mm-thick steel plate along
a spiral seam as shown. If the maximum
compressive stress in the tube must be
limited to 80 MPa, determine (a) the
maximum torque 7 that can be applied
and (b) the factor of safety with respect
to the failure by fracture for the weld,
when a torque of 12 kN.m is applied, 1f
the ultimate strengths of the weld metal
are 205 MPa in shear and 345 MPa in
tension.

150 mm

33




Torsion

1 Torsional Shearing Stress

Example 5

The polar moment of area for the

cylindrical tube can be determined

The maximum torque can be computed from

150 mm

34




Torsion

1 Torsional Shearing Stress

Example 5

The normal stress and shear stress on the
weld surface are given by

150 mm

35




Torsion

1 Torsional Shearing Stress

Example 5

The factors of safety with respect to failure by fracture for the
weld are

150 mm

36




Torsion
] Statically Indeterminate Shafts

= [t 1s often for torsionally loaded members to be statically
indeterminate in real engineering applications.

= When this occurs, distortion equations involving angle of
twist 0 must written until the total number of equations agrees
with the number of unknowns to be determined.

= A simplified angle of twist diagram will often be of great
assistance in obtaining the correct equations.




Torsion
] Statically Indeterminate Shafts

Example 6

A steel shaft and aluminum tube are connected to a fixed support and to a rigid

disk as shown 1n the figure. Knowing that the 1nitial stresses are zero, determine

the maximum torque 7 that may be applied to the disk if the allowable stresses

are 120 MPa in the steel shaft and 70 MPa in the aluminum tube. Use G= 80

GPa for steel and G'= 27 GPa for aluminum.

/ Aluminum
Rigid disk

8 mm

/

76 mm 50 mm Steel

500 mm

38




TOI’SIOIl / Aluminum

8 mm

1 Statically Indeterminate Shafts |- R disk

76 mm 50mm  Steel

Example 6 L

‘< 500 mm

From statics Y i

‘\al

Deformation

39




Torsion
] Statically Indeterminate Shafts

Example 6

Properties of the aluminum tube

8 mm

/ Aluminum

Rigid disk

|

76 mm 50 mm

Steel

30 mm

38 mm

500 mm

< 76 mm |

40




TOI'SIOIl / Aluminum

8 mm

1 Statically Indeterminate Shafts |- R disk

76 mm 50mm  Steel

Example 6 4

500 mm

Properties of the steel tube

25 mm

|~— 50mm —

41




Torsion

] Statically Indeterminate Shafts 1
Aluminum
/

& mm
. Riaid disk
Example 6 — e
76 mm 50mm  Steel
!
500 mm

42




Torsion
] Statically Indeterminate Shafts

Example 6

Let’s assume that the requirement Tst is
less or to equal to 120 MPa, therefore

& mm

/ Aluminum

|

76 mm 50 mm Steel

500 mm

Rigid disk

43




Torsion

/ Aluminum

1 Statically Indeterminate Shafts _ :__Smm

|

Example 6

76 mm 50 mm Steel

Let’s check the maximum stress Tal in aluminum

tube corresponding to 1 al = 3244Nm:

Hence, the max permissible torque 10 is
computed from

500 mm

Rigid disk

44




Torsion
] Statically Indeterminate Shafts

Example 7

A circular shaft AB consists of a 10 in ~ Din.
long, 7/8 in diameter steel cylinder, in
which a 5 in. long, 5/8 in. diameter
cavity has been drilled from end B. The
shaft 1s attached to fixed supports at both
ends, and a 90 Ib — ft torque 1s applied at
its mid-section. Determine the torque
exerted on the shaft by each of the
supports.

45




Torsion

] Statically Indeterminate Shafts

Example 7

90 Ib - ft
,l.\

* From a free-body analysis of the shatft,

The problem is statically indeterminate.

 Divide the shaft into two components which
must have compatible deformations,

« which 1s not sufficient to find the end torques.

46




Torsion
] Statically Indeterminate Shafts

Example

47




Torsion

] Design of a Transmission Shaft

If power is transferred to and from the
shaft by gears or sprocket wheels, the
shaft 1s subjected to transverse loading
as well as shear loading.

Normal stresses due to transverse loads
may be large and should be included 1n
determination of maximum shearing
stress.

Shearing stresses due to transverse
loads are usually small and
contribution to maximum shear stress
may be neglected.

48




Torsion

] Design of a Transmission Shaft

e Maximum shearing stress,

-

o =[]+

2

=S 41

Mc

|

21

)

Tc
J

_f

~

for a circular or annular cross - section, 2/ = J

/

 Shaft section requirement,

4 . )
O_m:_c where M2:M§+MZ2 7.
- _Tc \

=
J
\_ Y, -

_(\/M2+T2)

max

~

Tall

J
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Torsion

1 Design of Transmission Shafts

e Designer must select shaft
material and cross-section to
meet performance specifications
without exceeding allowable
shearing stress.

* Find shaft cross-section which will not
exceed the maximum allowable
shearing stress,

Ic
TmaX B
J
Lot (solid shaftsﬂ
c 2 T o
;
Lo (o= (hollow shaftsﬂ
& 2c, o

50




Torsion

J Power Transmission

Work of a Force

— A force does work only when the particle to which the force is applied
moves.

‘Work =U= Pd|

51




Torsion

d Power Transmission

Work of a Couple

— The work of a couple is defined as the magnitude of the couple
C times the angular movement of the body.

-

U =CA8

-2

\_ dU=C-db )

52




Torsion

1 Power Transmission by Torsional Shaft

The power 1s defined as the time rate of doing work,
that 1s

o = angular velocity of the shaft in radians per minute

53




Torsion
1 Power Transmission by Torsional Shaft

— But o = 2xn 7, where /= frequency. The unit of frequency is 1/s and 1s called Aertz
(Hz).
— If this 1s the case, then the power 1s given by

Units of Power

g pP=2zy-T A SI US Customary
o watt (1 N-m/s) hp (33,000 ft-1b/min)
P
T=—"_ .
\ 27T f / Some useful relations
4 T 1 ~N
lrpm=—s =—Hz
60 60
1hp =550 fidb/s = 6600 10
rpm = revolution per minute L p=550ftib/s =

s __J

54




Torsion
] Statically Indeterminate Shafts

Example 8

Two solid steel shafts are connected
by gears. Knowing that for each shaft
G=11.2 x 10 psi and that the
allowable shearing stress is 8 ksi,
determine (a) the largest torque 7,
that may be applied to the end of shaft
AB, (D) the corresponding angle
through which end A of shaft AB

rotates.

2.45 in.

0.875 in.

95




Torsion
] Statically Indeterminate Shafts

Example 8
SOLUTION. 2.45 in.
0.875 in.

» Apply a static equilibrium analysis on i O

the two shafts to find a relationship /

between 7,,and 7, C

’
_ 545 i rg = 0.875 in.
c = 2.45in.

56




Torsion
] Statically Indeterminate Shafts

Example 8

» Apply a kinematic analysis to relate
the angular rotations of the gears

}‘(; = 2‘-1'5 m.

2

= (0.875 in.

Y




Torsion / |

J Statically Indeterminate Shafts g

Example 8

* Find the 7} for the maximum allowable ST s

245 in. |
torque on each shaft — choose the smallest 0.875 in. /

¢ =0.3751n.

¢ =0.5i1n.

58




Torsion

] Statically Indeterminate Shafts
Example 8

36 in.

L
///l . | 2 " i

 Find the corresponding angle of twist for each RS
shaft and the net angular rotation of end A  osn /

g E*.:l'

¢d, = 10.48°

59




Torsion

] Design of a Transmission Shaft

Example 9

Dimensions in mm

Solid shaft rotates at 480 rpm and transmits 30 kW from the motor to gears
G and H; 20 kW is taken off at gear Gand 10 kW at gear H. Knowing that

-~ 200 200 —»’-«— 200 200 —
H ¢

rg = 160

s,;= 50 MPa, determine the smallest permissible diameter for the shalft.

60




Loading combination

- 200
d Design of a Transmission Shaft T
G

200 —>’-<— 200

~'——200
g

Example 9

* Determine the gear torques and
corresponding tangential forces.

rg = 0.160 m

61




Loading combination

] Design of a Transmission Shaft

Example 9

Dimensions in mm

Yy Tp =199 N - m
Te =398 N - m

n

62




Loading combination

] Design of a Transmission Shaft

Example 9

Tp=199N.m

Y

]
Fo-249kN N\
T] = 597 V - 1m
F,. = 6.63 kN

A
ST

Y

* Identify critical shaft section from torque and
bending moment diagrams.

To =398 N -m
TD = I‘()-() N.m

6.22kN gom 2.90 kN

e

X

1944 N . m 1160 N - m
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Loading combination

] Design of a Transmission Shaft

Example 9

e (Calculate minimum allowable shaft diameter.

64




Torsion
] Statically Indeterminate Shafts

Example 10

What size of shaft should be used for
a rotor of 5-hp motor operating at
3600 rpm if the shearing stress 1s not
to exceed 8500 psi in the shaft?

Generator

B

Rotation

Turbine

65




Torsion
] Statically Indeterminate Shafts

Example 10

66




Torsion

J Stress Concentrations

» The derivation of the torsion formula, 1.8
(T ) .
max J B
assumed a circular shaft with uniform 16
cross-section loaded through rigid end |
plates. 1.5
» The use of flange couplings, gears and
: K 14
pulleys attached to shafts by keys in R
keyways, and cross-section discontinuities 1 3 \ D_gx
. ' N \ d =
can cause stress concentrations \
. . | 121 AN -
. Experlmeqtal or numerically QGtem1ned ' %%
concentration factors are applied as 11
Ic
T =K— 1.0 _
max J 0 0.05 0.10 0.15 020 025 0.30

r/d

Fig. 3.32 Stress-concentration factors for
fillets in circular shafts.t o7




Torsion
] Statically Indeterminate Shafts

Example 11

The stepped shaft shown i1s to rotate at 900
rpm as it transmits power from a turbine to a
generator. The grade of steel specified in the
design has an allowable shearing stress of 8
ksi. (a) For preliminary design shown,
determine the maximum power that can be

transmitted. (b) If in the final design the radius D

of the fillet 1s increased so that r=15/16 in.,

what will be the percent change , relative to the D=75in

preliminary design in the power? d=3.75in
r= zin

16
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Torsion
] Statically Indeterminate Shafts

Example 11

1.8
Al
D
, p(-g = L111
| \\(g - 1.25 =

1.5 .

\ \\(-f—? - 1.666

K 14 \ X
1.3 —2=25
1.2 S
[ \-§

1.1
1.0 I

0O 005 0.10 0.15 0.20 0.25 0.30
r/d

Fig. 3.32 Stress-concentration factors for
fillets in circular shafts.t
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Torsion
] Statically Indeterminate Shafts

Example 11

70




Torsion
] Statically Indeterminate Shafts

Example 11

1.8

Pl

| \ D_ 195

b \(\ D _ 1666
k1NN H—

1.3 \\ '=24..

1.2 fo e

1.1

1.0

0O 005 0.10 0.15 0.20 0.25 0.30
r/d

Fig. 3.32 Stress-concentration factors for
fillets in circular shafts.t




Torsion
] Statically Indeterminate Shafts

Example 11
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