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Kinetics of Particles: Energy Method
d Energy and Momentum Methods

The pogo stick allows the boy
to change between Kinetic
energy, potential energy from
gravity, and potential energy
in the spring.

Accidents are often analyzed
by using momentum methods.




Kinetics of Particles: Energy Method

J Introduction

* Previously, problems dealing with the
motion of particles were solved through F = ma

the fundamental equation of motion,

* The current chapter introduces two additional
methods of analysis.

* Method of work and energy: directly relates force,
mass, velocity and displacement.

* Method of impulse and momentum: directly
relates force, mass, velocity, and time.




Kinetics of Particles: Energy Method

J Introduction

Approaches to Kinetics Problems

Forces and Velocities and Velocities and
Accelerations Displacements Time
Newton’s Second Work-Energy Impulse-
Law (last chapter) Momentum

[ Zﬁ =mad, ] [T1 +U,_, :Tz] [mﬁl + : Fdt = mﬁzJ




Kinetics of Particles: Energy Method
1 Work of a Force

 Differential vector dr 1s the particle displacement.

o Work of the force 1s { JU = F e dl_;}

dF|=ds = |dU=Fdscos |

F=Fi+F j+F k

ST [ dU = Fdier Fdy+ P |
dr =dxi +dy j+dzk

* Work is a scalar quantity, 1.e., it has magnitude and
sign but not direction.

* Dimensions of work are length X force. Units are

[ 13 (joule)=(1N)(Im) ~ 1ft-Tb=1.3561 |




Kinetics of Particles: Energy Method
d Work of a Force

» Work of a force during a finite displacement,

4 4 4,
= [UHz = [(F.dx+F,dy+ dez)]

4

A, A4, Sy
U, = IdU = IFOdF = I(Fcosa)ds
4 4 8 S . . . . .
= lu J‘ o F,1s the. force 1n the direction
of the displacement ds

F,

» Work is represented by the area under the
curve of F, plotted against s.




Kinetics of Particles: Energy Method
1 Work of a Force

What is the work of a constant force in
rectilinear motion?




Kinetics of Particles: Energy Method
1 Work of a Force

« Work of the force of gravity,

dU=Fdx+Fdy+Fdz = dU=-Wdy

A2 2
Ui, = IdU :_y_“W dy=-W(y,—»)

4 Y1

= [U1 =W Ay]

—2

« Work of the weight is equal to product of
weight Wand vertical displacement Ay

* In the figure above, when is the work done by the weight positive?

a) Moving from y, to y, [ b) Moving from y, to yl] c) Never




Kinetics of Particles: Energy Method
1 Work of a Force

Spring undeformed

« Magnitude of the force exerted by a spring is
proportional to deflection,

[ F=lx]

k =Spring Constant (N/m or 1b/in.)

» Work of the force exerted by spring,

dU =—F dx = —(kx) dx

Up,=-[kedx= = [UHz :%kxf—%kxzz]




Kinetics of Particles: Energy Method
1 Work of a Force

1 1
[U1—>2 :Ekxlz _Ekxzz]

» Work of the force exerted by springis positive
when x, < x;, 1.€., when the spring 1s returning to
its undeformed position.

« Work of the force exerted by the spring 1s equal to
negative of area under curve of F plotted against x,

|
[Ula2 = _E(Fi +F2) AXJ

Spring undeformed

10




Kinetics of Particles: Energy Method
1 Work of a Force

Spring undeformed

¥ Y ¥y 9 PR
I—961—’| A1
I

As the block moves from A to A, is
the work positive or negative?

Positive Negative

As the block moves from A, to A, is
the work positive or negative?

Positive Negative

11




Kinetics of Particles: Energy Method
d Work of a Force

Work of a gravitational force (assume particle
M occupies fixed position O while particle m
follows path shown),

dU=—Fdr = dU=-GM" g
r

:GMmtl—1

r, n

M,
ma’r:>U

2
r

1-2

U, = TdU = —TG
4 1
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Kinetics of Particles: Energy Method
1 Work of a Force

Does the normal force do work as the

block slides from B to A?

Does the weight do work as
the block slides from B to A?

YES NO

d C m/\c

Positive or

Negative work?

13




Kinetics of Particles: Energy Method
1 Work of a Force

Forces which do not do work (ds = 0 or cos o = 0):

e Reaction at frictionless pin supporting rotating body,

e Reaction at frictionless surface when body
in contact moves along surface,

* Reaction at a roller moving along its track, and

« Weight of a body when its center of gravity
moves horizontally.




Kinetics of Particles: Energy Method
1 Particle Kinetic Energy: Principle of Work & Energy

» Consider a particle of mass m acted upon by force F

F, =ma, =mﬂ=m@§=mvﬂ = [Ftdszmvdv]
dt ds dt ds

* Integrating from A,to0 4,,

52 ¢

— 1 2 1 2
IEdS = mjvdv =S my, —5my,
1 Vi

[ Define: T =L1mv’ =kineticenergy = U, ,=T,-T, ]

o The work of the force F is equal to the change in kinetic energy of the
particle.

» Units of work and kineti 2
Units of work and kinetic Tt kg(gj _ (kggzjm N.m—]
energy are the same: s
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Kinetics of Particles: Energy Method
(1 Applications of the Principle of Work and Energy

* The bob is released from rest at position
A, Determine the velocity of the
pendulum bob at A, using work & kinetic

energy.
e Force P acts normal to path and does no
work.
W,
u.,=I,-1, = L+U_,=1T, = O+Wl:§—v2 = | v, =4/2g!
g

Advantages using Energy method

» Velocity 1s found without determining expression for acceleration and integrating.
« All quantities are scalars and can be added directly.

e Forces which do no work are eliminated from the problem.

16




Kinetics of Particles: Energy Method
(1 Applications of the Principle of Work and Energy

 Principle of work and energy cannot be
applied to directly determine the acceleration
of the pendulum bob.

 Calculating the tension in the cord requires
supplementing the method of work and energy AY
with an application of Newton’s second law.

ma,

* As the bob passes through A4,

Ag — Ay ma,
Y F,=ma, = P—W:Zﬁ W
g ! {P:W+W2gl:3W]
V2=\/27gl =

17




Kinetics of Particles: Energy Method
1 Power and Efficiency

 Power = rate at which work 1s done.

[Power: dU _Fedr :13017]

dt dt

« Dimensions of power are work/time or force*velocity.
Units for power are

[IW(watt):llle-E] or [lhp:SSOftolb
S S S

=746 W]

 Efficiency

n= output work  power output
input work  power input

18




Kinetics of Particles: Energy Method
(1 Sample Problem 01

An automobile weighing 4000 Ib is driven down a 5° incline at a speed of

60 mi/h when the brakes are applied causing a constant total breaking force
of 1500 Ib.

Determine the distance traveled by the automobile as 1t comes to a stop.

19




Kinetics of Particles: Energy Method
(1 Sample Problem 01

v = 60 mi/h

SOLUTION:

» Evaluate the change in kinetic energy.

1500 Ib
e Determine the distance required for the work

to equal the kinetic energy change.

20




Kinetics of Particles: Energy Method
(1 Sample Problem 02

Two blocks are joined by an 200 kg
inextensible cable as shown. If the Al |
system is released from rest, determine
the velocity of block A after it has

moved 2 m. Assume that the coefficient
of friction between block A and the L
plane is ¢, = 0.25 and that the pulley is 300 kg
weightless and frictionless.

21




Kinetics of Particles: Energy Method
(1 Sample Problem 02

SOLUTION:
 Apply the principle of work and v;=0
energy separately to blocks A and B. 1

——————




Kinetics of Particles: Energy Method
(1 Sample Problem 02

SOLUTION:

 When the two relations are combined, the work of the
cable forces cancel. Solve for the velocity.

23




Kinetics of Particles: Energy Method

(1 Sample Problem 02
Could you apply work-energy to the combined system of blocks?

Alternate Solution, Group Problem Solving 200kg
Aﬁ 1 | 2 )
What is 7, of the system? Iz—’ -
m

What is the total work done between b
points 1 and 2? Q 300 ke

2m | _ -

2y

What is 7, of the system?

Solve for v

24




Kinetics of Particles: Energy Method
(1 Sample Problem 03

2.5 m/s Cable

S

w

A spring 1s used to stop a 60 kg package which is
sliding on a horizontal surface. The spring has a
constant &A= 20 kN/m and is held by cables so
that it is initially compressed 120 mm. The
package has a velocity of 2.5 m/s in the position
shown and the maximum deflection of the spring
1s 40 mm.

Determine (a) the coefficient of kinetic friction
between the package and surface and (5) the
velocity of the package as it passes again through
the position shown.

25




Kinetics of Particles: Energy Method
(1 Sample Problem 03

SOLUTION:

Apply principle of work and energy between
initial position and the point at which spring is
fully compressed.

26




Kinetics of Particles: Energy Method
(1 Sample Problem 03

SOLUTION:
or

27




Kinetics of Particles: Energy Method
(1 Sample Problem 03
SOLUTION:

* Apply the principle of work and energy for
the rebound of the package.

28




Kinetics of Particles: Energy Method
1 Sample Problem 04

A 2000 Ib car starts from rest at point 1 and moves without friction down the track
shown. Determine:

a) the force exerted by the track on the car at point 2, and

b) the minimum safe value of the radius of curvature at point 3.

29




Kinetics of Particles: Energy Method
1 Sample Problem 04

SOLUTION:

Apply principle of work and energy
to determine velocity at point 2.

30




Kinetics of Particles: Energy Method
1 Sample Problem 04
SOLUTION:

Apply Newton’s second law to find normal force by the
track at point 2.

31




Kinetics of Particles: Energy Method
1 Sample Problem 04

SOLUTION:

Apply principle of work and energy to
determine velocity at point 3.

* Apply Newton’s second law to find minimum radius of
curvature at point 3 such that a positive normal force is

#
Z
Il
|
*

exerted by the track.

ma,,

32




Kinetics of Particles: Energy Method
(1 Sample Problem 05

The dumbwaiter D and its load have a
combined weight of 600 1b, while the
counterweight C'weighs 800 1b.

Determine the power delivered by the
electric motor A/ when the dumbwaiter
(a)1s moving up at a constant speed of
8 ft/s and (b)has an instantaneous
velocity of 8 ft/s and an acceleration of
2.5 ft/s?, both directed upwards.

33




Kinetics of Particles: Energy Method
(1 Sample Problem 05
SOLUTION:

 In the first case, bodies are in uniform motion. Determine force
exerted by motor cable from conditions for static equilibrium.

Free-body C:

800 1b

600 1b

34




Kinetics of Particles: Energy Method
(1 Sample Problem 05

SOLUTION:

 In the second case, both bodies are accelerating. Apply Newton’s
second law to each body to determine the required motor cable force.

Free-body C:

Free-body D:
800lb  mcac

600 1b
35




Kinetics of Particles: Energy Method
1 Sample Problem 06

Packages are thrown down an incline at A with a velocity of 1 m/s. The packages
slide along the surface ABC'to a conveyor belt which moves with a velocity of 2
m/s. Knowing that ,= 0.25 between the packages and the surface ABC,
determine the distance dif the packages are to arrive at C'with a velocity of 2
m/s.

I m/s

36




Kinetics of Particles: Energy Method
1 Sample Problem 06
SOLUTION:

Determine work done A — B

Determine work done B — C




Kinetics of Particles: Energy Method
1 Sample Problem 06
SOLUTION:

Determine Kinetic energy at A and at C

Apply principle of work and energy to determine d

38




Kinetics of Particles: Energy Method

1 Potential Energy

The potential energy stored at
the top of the roller coaster is
transferred to Kinetic energy
as the cars descend.

The elastic potential energy
stored in the trampoline is
transferred to Kinetic energy
and gravitational potential
energy as the girl flies upwards.




Kinetics of Particles: Energy Method
1 Potential Energy

“If the work of a force only depends on differences in
position, we can express this work as potential energy.”

Can the work done by the following forces be expressed as

potential energy?

Weight Yes

Friction Yes

Normal force Yes

Spring force  Yes

No

No

No

No

40




Kinetics of Particles: Energy Method
1 Potential Energy

 Work of the force of gravity W,

[U1—>2 =Wy, _Wyz]

Work is independent of path followed; depends

only on the initial and final values of Wy.

V, =Wy = potential energy of the body with
respect to force of gravity.

Vo =0-02),]

 Units of work and potential energy are the same:

V,=Wy=N-m=]J

41




Kinetics of Particles: Energy Method
1 Potential Energy

* Previous expression for potential energy of a body
with respect to gravity 1s only valid when the
weight of the body can be assumed constant.

 For a space vehicle, the variation of the force of
gravity with distance from the center of the earth
should be considered.

« Work of a gravitational force,

GMm GMm
[ U_, = — ] = [Vg =— GMm]
3} h r

* Potential energy V, when the variation in the Ve = o WR’
force of gravity can not be neglected, = GMm

42




Kinetics of Particles: Energy Method
1 Potential Energy Spring undeformed

» Work of the force exerted by a spring depends
only on the initial and final deflections of

the spring,
[UHz :%kxf —lkxzz]

2

* The potential energy of the body with respect
to the elastic force,

e

o=kt = (UL =00, -00),

* Note that the preceding expression for V. 1s
valid only 1f the deflection of the spring 1s
measured from its undeformed position.

43




Kinetics of Particles: Energy Method

J Conservative Forces

« Concept of potential energy can be applied 1f the
work of the force 1s independent of the path
followed by its point of application.

U_,=V(x,,2)-V(x,,,,2,)

Such forces are described as conservative forces.

» For any conservative force applied on a closed path,

Uﬁ-dz‘;:O]

44




Kinetics of Particles: Energy Method

J Conservative Forces

Aqlxy, Y1, 21)

: : Y
« Elementary work corresponding to displacement
between two neighboring points,
dU =V (x,y,z)=V(x+dx,y+dy,z+dz)
= [aU=-av(x,.2)| o}
Z

14 14
ox dy oz

dU:—(a—de+—dy+—dzj . (81/ oV BV]
= | F=-

dU =F.dx+F dy+F.dz

45




Kinetics of Particles: Energy Method

J Conservative Forces

—

« Concept of work and energy,

U,,=1,-1
— = T4V =T,+V, = [E:T+V:cte ]
* Work of a conservative force,
1  When a particle moves under the action
UL, =W-", .
- of conservative forces, the fotal

mechanical energy is constant.

» Friction forces are not conservative. Total mechanical energy of a system
involving friction decreases.

* Mechanical energy 1s dissipated by friction into thermal energy. Total
energy 1s constant.

46




Kinetics of Particles: Energy Method

J Conservative Forces

7,=0

= K+ =w |
v, =W

v, =4/2gl
1 , =
Tz=5mv2

1,

W

2 g

200 = T,=W/¢
(2g0) 2 }S[Tz+V2=W€]

V,=0

= LtV =T,+V, = [E:T+V=cte ]

47




Kinetics of Particles: Energy Method
(J Motion Under a Conservative Central Force

 When a particle moves under a conservative central

force, both the principle of conservation of angular
momentum

[ ¥,mv, sin @, = rmvsin ¢ ]

 and the principle of conservation of energy

2 A 2 r

* may be applied.

 Given I, the equations may be solved for vand @.

* At minimum and maximum #; @ = 90°. Given the

launch conditions, the equations may be solved for

r miir r max VIIIiII’ and Vmar




Kinetics of Particles: Energy Method
1 Sample Problem 07

A 20 1b collar slides without friction along a
vertical rod as shown. The spring attached to
the collar has an undeflected length of 4 in.
and a constant of 3 1b/in.

If the collar is released from rest at position 1,
determine its velocity after it has moved 6 1n.
to position 2.

49




Kinetics of Particles: Energy Method
1 Sample Problem 07
SOLUTION:

« Apply the principle of conservation of energy between
positions 1 and 2.

Position 1:

50




Kinetics of Particles: Energy Method
1 Sample Problem 07
SOLUTION:

Position 2:

Conservation of Energy:

— X9 = ﬁin.

51




Kinetics of Particles: Energy Method
1 Sample Problem 08

The 0.5 1b pellet is pushed against the spring and released from rest at A.
Neglecting friction, determine the smallest deflection of the spring for which
the pellet will travel around the loop and remain in contact with the loop at all
times.

52




Kinetics of Particles: Energy Method
(1 Sample Problem 08

SOLUTION:

 Setting the force exerted by the loop to zero, solve for the
minimum velocity at D.

D gl Position 2

» Apply the principle of conservation of energy between . T F
points A and D. D
4ft C E
va=0
LN T
Datum B /A

Position 1

53




Kinetics of Particles: Energy Method
1 Sample Problem 09

A satellite 1s launched 1n a direction parallel to the surface of the earth with a
velocity of 36900 km/h from an altitude of 500 km.

Determine (2) the maximum altitude reached by the satellite, and (b) the
maximum allowable error in the direction of launching if the satellite 1s to come
no closer than 200 km to the surface of the earth

~ 36 900 km/h

S~ 500 km

o4




Kinetics of Particles: Energy Method
1 Sample Problem 09
SOLUTION: - 3600 ko

» Apply the principles of conservation of energy and
conservation of angular momentum to the points of minimum -
and maximum altitude to determine the maximum altitude.

Maximum altitude

S~ 500 km

95




Kinetics of Particles: Energy Method
1 Sample Problem 09
SOLUTION:

56




Kinetics of Particles: Energy Method
1 Sample Problem 09
SOLUTION:

» Apply the principles to the orbit insertion point and the point
of minimum altitude to determine maximum allowable orbit
insertion angle error.

S7




Kinetics of Particles: Energy Method
1 Sample Problem 09
SOLUTION:

58




Kinetics of Particles: Energy Method
(1 Sample Problem 10

A section of track for a roller coaster consists of two circular arcs AB and CD
joined by a straight portion BC. The radius of CD 1s 240 ft. The car and its
occupants, of total weight 560 b, reach Point A with practically no velocity and
then drop freely along the track. Determine the normal force exerted by the track
on the car at point D. Neglect air resistance and rolling resistance.

59




Kinetics of Particles: Energy Method
(1 Sample Problem 10

SOLUTION:
Given: v,= 0 {t/s, r-p= 240 ft, W=560 Ibs
Find: N
Use conservation of energy to find v,

Find T,
Find V,

Find T,
Find V,,

Solve for v,

V4 N

60
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Kinetics of Particles: Energy Method
(1 Sample Problem 10

SOLUTION: C,
: L)et

Draw FBD and KD at point D \ q/@&& ma,
\\\ W
T~ é & ma,
Np

Use Newton’s second law in the normal direction

61




Kinetics of Particles: Energy Method

(1 Sample Problem 10

What happens to the normal
force at D if....

...we include friction?
a) N gets larger
b) N gets smaller

¢) N, stays the same

...we move point A higher?
a) N, gets larger

b) N gets smaller

¢) N, stays the same

V4 NVA RN V4 RN /

...the radius is smaller?
a) N, gets larger

b) N, gets smaller

¢) Npstays the same




Kinetics of Particles: Energy Method
1 Sample Problem 11

A child having a mass of 20 kg sits on a swing and 1s playing. The maximum angle

which the kids can moves up is ¢ =60° . Neglecting the mass of the swing,
determine the maximum axial force in each column of the swing device. The swing

1s In a symmetric position relative to the four columns.
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Kinetics of Particles: Energy Method
1 Sample Problem 11
SOLUTION:

Use conservation of energy to find v

64




Kinetics of Particles: Energy Method
1 Sample Problem 11
SOLUTION:
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Kinetics of Particles: Energy Method
1 Sample Problem 11
SOLUTION:

66




Kinetics of Particles: Energy Method
d Sample Problem 11
SOLUTION:

R, =159.5(N)

—————————————————————————————————————————————————

7777777777777777777777777777777777777777777777777

*************************************************

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

*************************************************

—————————————————————————————————————————————————

,,,,,,,,,,,,,,,,,,,,,

I |
6 =24.41
,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,, ;,,,,,,,,k,,,,,,,,,,ﬁ 9
40 60

67




