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Solution of Nonlinear Equations in Dynamic Analysis
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Solution of Nonlinear Equations in Dynamic Analysis
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Solution of Nonlinear Equations in Dynamic Analysis

Introduction

(General Approach) JS sl 55, ™
(Step-By-Step Procedure) ¢l§ 4 flf Sey O
P15 (Slo s sl it 1 Bln (ol S b el T e ol 3 s o
Sl bl Sl glassazme a0 bagmal a6 5 5L b ass cpl pled 53 303 252y (alises o8 o,
5 e ) sl Ll s ) ¢l§ A dsb s mel Lsd e i (Step) flf L (Time Intervals)
Al s e amlome o8 U5k 55 (S HL U 5l 5 B8 e gl s e (bl
by A3l el o8 sl slasS L (S 5 4 L s ea Jiee LT G P8 a b
0 o3l 5l S e 28 S LS cpl S s e gt cal Sl eslital L OIS e | e 8
Ssline K53 o8 @ o8 S Sl Ll g 03l L, LS 5 S el (g k5 ol b o8 s b
s o o S IUT ) Glas perme 4 35 e b o e GIUT W3l s cpl by il




Solution of Nonlinear Equations in Dynamic Analysis
Time-Domain Analysis
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Solution of Nonlinear Equations in Dynamic Analysis

Piecewise Exact Method (Interpolation of Excitation) e
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Solution of Nonlinear Equations in Dynamic Analysis

Piecewise Exact Method (Interpolation of Excitation)

. . Ap;
mx_+cx, +hkx. = p,+—-71

fooAL

constant linear ramp

Solution of x(t) consists of 3 parts

- Step response due to p;

- Ramp response due to AR

At;
- Free vibration response

Solution of Nonlinear Equations in Dynamic Analysis

Piecewise Exact Method (Interpolation of Excitation)
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Solution of Nonlinear Equations in Dynamic Analysis

Piecewise Exact Method (Interpolation of Excitation)
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Solution of Nonlinear Equations in Dynamic Analysis

Piecewise Exact Method (Interpolation of Excitation)
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(b) Straight line approximations of sine-wave loading




Solution of Nonlinear Equations in Dynamic Analysis

Piecewise Exact Method (Interpolation of Excitation)
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Solution of Nonlinear Equations in Dynamic Analysis

Numerical Approximation Procedures .. .
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Solution of Nonlinear Equations in Dynamic Analysis

Numerical Approximation Procedures

Direct Integration

Explicit Implicit
Short time duration dynamic analysis Impact and seismic problems
Wave propagation Complex model
Houbolt
Central Difference Wilson
Runge-Kunta Newmark
Hughes
Equilibrium at t for the solution of t+At Equilibrium at t+At for the solution of t+dt
Computationally cheap since effective Computationally expensive since effective
stiffness matrix is not required in each step stiffness matrix 1s required in each step
Conditionally stable Unconditionally stable
Small time step required for stability Small time step gives better accuracy

Solution of Nonlinear Equations in Dynamic Analysis

Numerical Approximation Procedures
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Solution of Nonlinear Equations in Dynamic Analysis

Direct Integration Methods
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Solution of Nonlinear Equations in Dynamic Analysis
Direct Integration Methods
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Solution of Nonlinear Equations in Dynamic Analysis
The Central Difference Method
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Solution of Nonlinear Equations in Dynamic Analysis
The Central Difference Method
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Solution of Nonlinear Equations in Dynamic Analysis

The Central Difference Method
S o J2E s o8 4 o8 ol e

Step-by-step solution using central difference method (general mass and damping matrices)

A. Initial calculations;

l. Form stiffness matrix K. mass matrix M, and damping matrix C.
2. Initialize °U , °U and °U T
3. Select time step Ar,Ar<Ar, =— , and calculate integration constants:

T -
eSSl b rlf S sbes rlf Shcwl @bl a3 n b (e 3 9k Ol Jue 545 0 o 5SS T,

1 1 1
[a0=—2 ) alz— 5 a2=2a0 5 a3:— ]
At 2At a,

[‘A’U:OU—At U +a, OU]

4. Calculate

5. Form effective mass matrix [ M =aM +a, C]
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Solution of Nonlinear Equations in Dynamic Analysis

The Central Difference Method
S JolE iy o8 4 pl8 s

B. For each time step;

1. Calculate effective loads at time t :

[’fe =R—(K-a,M) 'U—-(a,M —a,C) f‘AfU]

2. Solve for displacements at time ¢+ A¢

[ M t+AtU= zl’é ]

3. If required, evaluate accelerations and velocities at time t:

tU':aO(t—AtU_Z tU+ t+AzU)

tU =a, (_t—AtU+t+AtU)
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Solution of Nonlinear Equations in Dynamic Analysis
The Central Difference Method
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Solution of Nonlinear Equations in Dynamic Analysis

The Central Difference Method
3y o dsloes 20 0l 5300 sl dsles 1 eslizad b
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Solution of Nonlinear Equations in Dynamic Analysis
The Central Difference Method
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Solution of Nonlinear Equations in Dynamic Analysis
The Central Difference Method

t=Ar+Ar=2At =3
w0 | [17631 0078957, [1 0],
0.78957( ' |0.15791  1.6842 0 1

0 N 1.7631 0.078957](0.031171 I 0 0 s 0.1698
= — = =
0.78957 0.15791 1.6842 1.4545 0 11]0.39478 2.8493

24




Solution of Nonlinear Equations in Dynamic Analysis

The Central Difference Method
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time
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Solution of Nonlinear Equations in Dynamic Analysis

The Central Difference Method

uz

time [sec]

30

wemn. ExaCt Solution

Central Difference Method

“0 5 10 15 20 25 30
T time [sec]
for At= ﬁ & 100A¢
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Solution of Nonlinear Equations in Dynamic Analysis
The Central Difference Method
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T
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wene: Exact Solution

Central Difference Method
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Solution of Nonlinear Equations in Dynamic Analysis
The Central Difference Method
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time
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At 0 3947.8
2At 3.1171e+006 [-1.2453e+007
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Solution of Nonlinear Equations in Dynamic Analysis
The Houbolt Method Houbolt :;,
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[z+AtU=6LA(11 t+AzU_18 IU+9 z—AtU_2 t—2AzU)] (9)
t

Al s 4 EHAL Ly 53 (V) aaly (38 5 s b (4 Ar Ol oo obmlr ul

[M t+AtU+C z+AtU+K t+AtU: t+AzR ] (10)

%M+£C+K HAY = AR izM+iC U - i2M+iC MU+ %M+LC 20077
At 6Ar At At At 2At At 3At (1 1)
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Solution of Nonlinear Equations in Dynamic Analysis

The Houbolt Method

Step-by-step solution using Houbolt integration method

A. Initial calculations;

1. Form stiffness matrix K. mass matrix M, and damping matrix C.
2. Initialize °U , °U and °U
3. Select time step and calculate integration constants:

a_i a—L a—i a_i
AT T eAar T T AT T A

—d a a
a:_za s, s = 3 5 a:_O 5 a:—3
4 0 5 2 6 2 7 9

4. Use special starting procedure to calculate “U and **U

5. Calculate effective stiffness matrix [ R=K+aM+a C]
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Solution of Nonlinear Equations in Dynamic Analysis

The Houbolt Method

B. For each time step;

1. Calculate effective loads at time ¢+ At:

[l+AtR — t+AtR+M(a2 IU+CZ4 t—AtU+a6 t—ZAtU)+C(a3 tU+a5 t—AtU+a7 t—ZAtU)]

2. Solve for displacements at time ¢+ Az

[K t+AtU: t+Atjé]

3. If required, evaluate accelerations and velocities at time ¢ +Af .

Aty'7 A —A —2A
t+ tU:aO t+ tU_a2 tU_a4 t tU_a6 t tU

t+At " t+At t t—At t=2At
U=qa ""U-a, 'U-a; ""U-a, U

U‘)LAJ rg} f))\JJ S92 9 Lﬁ"‘J}u J u‘l"’) (alf LS‘)’ g;..‘.’."}‘)‘""’ cé;f J.-ﬂl.é: U’i’}) k_ﬁy\?-).: Houbolt gj;,ﬁ) BE
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Solution of Nonlinear Equations in Dynamic Analysis
The Houbolt Method

sl o kel Csd 4 3 Sy (3051 am,s g L;bbwgiidbw SVslee (7 Jle
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|20 |6 -2 > — igenvalue (M-'K) 2 0 &
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0 1 2 4 O =<8 0 s
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Solution of Nonlinear Equations in Dynamic Analysis

The Houbolt Method
g o dealoes 20 Ol 5300 sl aslea 1 eslinad b

oL Sl
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Solution of Nonlinear Equations in Dynamic Analysis
The Houbolt Method
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Solution of Nonlinear Equations in Dynamic Analysis
The Houbolt Method
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Solution of Nonlinear Equations in Dynamic Analysis
The Houbolt Method

t=3At,i=4

Al {0.012064} _{ 0.035383 0.0012064

= (63.326 YU -50.661 **U +12.665 “U)
0.34177 | 0.0024127 0.034177

0.012064 0.035383 0.0012064 0.1689 0.031171 0
= + (63.326 —-50.661 +12.665 )
0.34177 0.0024127 0.034177 2.8109 1.4545 0.39478

NP 0.4665
] 4.0999
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Solution of Nonlinear Equations in Dynamic Analysis

The Houbolt Method
_ ‘U
time
U, U,
0 0 0
At 0 0.329478
2At G700 B o o 7 1.4545
3At 0.1689 2.8109
4At 0.4665 4.,0999
SAt 0 #2322 50293
OAt 1.5169 5.4352
TAt 2.1194 B2 030
8Af 2 6085 4.7541
At 2 800 3.9863
10A¢ Dy e e TE
11A¢ 2.3813 2.616
12A¢ 1 6905 22695
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Solution of Nonlinear Equations in Dynamic Analysis

The Houbolt Method

e

|
Exact Solution
The Houbolt

e — —

0.5

1
1 15

time [sec]

l
25

3.5

for Atle—(z) & 12A¢

1 15
time [sec]

2

1
25
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Solution of Nonlinear Equations in Dynamic Analysis
The Houbolt Method

‘093 I
/ao =2 -0002533 , a4 = =0.065245 I
(28) 6(28)
5 3
a, = >=0.0063326 , a,=—=0.10676
(28) 28
a, =—2(0.002533) =-0.0050661
a, = 2019070 _ 053380 | 0, =2092933 _ 0012665 , @, = 21970 _ 011863
\___ 2 2 J

. 6 -2 2 0 0 0
K=K+aM+a,C= +(0.002533) +(0.065245)
—2 4 0 1 00

~ 16.0051 -2
= K = = KStatic
-2 4.0025
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Solution of Nonlinear Equations in Dynamic Analysis
The Houbolt Method

Z(ajbdb-
‘U
time
zU1 tU2

0 0 0 from static solution
At 9 0.39478 1
201 O 1.4545 = U:{s}
3At 0.999073 2.9994
4A

t @100 B B0 e Ol5 e Solid s b aglis 5o
SAt 0.99932 2.9992 " e 2l S e

Coon A S At A > = =

6A? 0.99999 3 e
A 1 5 Sl Dl s bl sl e
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Solution of Nonlinear Equations in Dynamic Analysis

The Wilson 0 Method

Wilson 0 5,

Slp b e K Ol 45 «S sl (Linear acceleration Method) sk ol hg, asl ot Wilson 0 % 5,

0 =1 e 31548 a8 b 30 21 jluas Wilson 0 Jisy 55 55 o o3 AL Ut 0L 5l Cls

t+9 AzU

t+ At

r+09 At

Sl Ja Ol gy Ol Wilson 0 5, asl

0<t <9 At A e Ol 1y Ol s ui.ﬂ}él T

A"’j‘.’.) .]a.:\j))‘ Qﬁoﬂjum)k\fu t+eAt Ut‘-;:lﬂ‘)c‘)l;))

PR T QAT 1
U="U+— U-"U 12
[ eAt( ) ] (12)

2

Tty Ly T AT Ty
U=U+Uy +—— U-"U 13
[ T 2eAt( )J (13)

Linear acceleration assumption of
Wilson 6 Method

[

t+r U:tU'i‘tUT +%ZUT 24 %lAtT 3 (t+e AZU—IU)] (1 4)
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The Wilson 0 Method

1ol el QAL Ol L3 (VF) 5 OF) Laily, Sl eslinad L

[H—G AtU:tU +

STAZL(H—Q AtU_I_tU)] (1 5)

82 Atz

{“’AIU:’U +9 At ‘U +

T(HeAtU _2 tU)] (16)

55 el MU s mearp 5 AT e gl 05 e WOT 1 &S

6

6

t+eAzU —
[ 62 At2

(t+8 At U_t U) _

—U=-2'U 1
oAl ] (17)

3
0 At

tﬂa AtU —

_(t+(~) AtU_tU) -2 tU _

9 Af

U] (18)
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Solution of Nonlinear Equations in Dynamic Analysis
The Wilson 0 Method
Oloy 5o Ly (V) ety o3 Jsles Vslee EHAL Oloj s ok 5 baoe m da plbuls 03,50 s & <l 5
Shscel st o3 st Sy 4 ot Sl S bl 5l eoes S B g A

J}J:L;a oaleud LSJLJ‘?)Lf)‘JJ‘f 6‘f&;~¢lﬁ{d}j

[M t+eAtU+C t+eAtU+K t+SAtU:t+GAZE] (19)

QT)JAS

[I+SAIE:tR +6 (t+AtR_tR)J (20)

S als |y, TOMU Gl e (00) daly s OA) 5 (V) Ly, 6,00
s Ly ails 3,8 (VD) B OY) Luls, s & Wl e s & N (W) dal, 55 MU 13K L

Db el a5 AT oA palier = At B S
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Solution of Nonlinear Equations in Dynamic Analysis

The Wilson 0 Method

Wilson 0 24, .8 o 8 |~
Step-by-step solution using Wilson 0 integration method 50 15 e Sl

A. Initial calculations;

1. Form stiffness matrix K. mass matrix M, and damping matrix C.
2. Initialize °U , °U and °U
3. Select time step and calculate integration constants: § =1.4 usually

6 3 Q At a,
0= > o 4= s Ay =2a, , a s dg=—
6 Ar) 0 At 2 8}
—a, 3 At At
as = , de=1l——=, d;=—7 , Gg=—
0 0 2 6

5. Form effective stiffness matrix [ =K+ a,M + alC]

u.é}b'-fg 5";;5‘ Ol t Ol s OL“SiJiJL‘;"WﬁL@‘.‘:t-l-AI Ol 4 ;.)LZ.ZJLAC,&J..» ‘u&lxl}‘s&u OT)"
s ol 3T L5 4 5L Houbolt i s
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Solution of Nonlinear Equations in Dynamic Analysis

The Wilson 0 Method

B. For each time step;

1. Calculate effective loads at time f +6 At:

[ MR = 'R4Q ("MR-R)+M(a, 'U+a, U+2'U)+C(a, 'U+2'U+a, ’U)]

2. Solve for displacements at time 7+ Af

[]% t+SAtU _ t+eAtjé]

3. Calculate displacements, velocities, and accelerations at time ¢+ A?:

ﬁ+AtU:a4 (t+eAtU_tU)+a5 tU+LZ6 tU\

z+AtU:zU + a, (HAZU-FIU)

TMUSU+ AL 'U+a("™MU+2 'U) )

o
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Solution of Nonlinear Equations in Dynamic Analysis
The Wilson 0 Method

sl o kel Csd 4 3 Sy (3051 am,s g L;bbwgiidbw OVsles (F Jlis

2 0l(U,] [6 -2]u) (o 0 = 0
s [t = 6=14 IR
o 1]|0,] |-2 4 ||lu,] |10 > 0 —0

- At=10T7, (< 5 At:&(uﬁ\ I 53 53 s Gy s el o ldae Willson 0 g5 51 eslizad b

10
g2 0] L[6 -2 s eigemvatue (1K) <] 2
= , = = = eigenvalue =
0 1 _2 4 W =esenvd 0 5
o 4.4429 0 T, =4.4429 sec
T=2ney = T-=
0 2.8099 T, =2.8099 sec
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Solution of Nonlinear Equations in Dynamic Analysis

The Wilson 0 Method )
5 o damles 20 0ley 530U Jsles dslas 3l eslizad b

o el TR = -

IJ)‘ C,.“;-
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Solution of Nonlinear Equations in Dynamic Analysis
The Wilson 0 Method

48




Solution of Nonlinear Equations in Dynamic Analysis
The Wilson 0 Method

_ ‘U
time
U, U,

0 0 0
At 0.0061264 0.3687
2At 0.053188 1.3474
3At 0.19838 2.6573
4At 0.49504 3.9391
5At 0.9608% 4.8911
6At 1.5552 5.3121
TAt 2.1759 5.1694
8At 2.6803 4.5876
9At 2.9243 3.7945
10A¢ 2.8073 3.0387
11Az 2,309 2.5082
12At 1.505 Sl
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Solution of Nonlinear Equations in Dynamic Analysis
The Wilson 0 Method

B T -t -

ﬂ i i T
il \ [k [
4r f!‘;‘ / i!li !f‘t -
g 3t i\ A\ £ \ |
| W N \\/ N/ Uy
Jooooo V.o V.
0 5 10 15 20 25 30

time [sec]

‘ mmmmmmm Exact Solution

The Wilson
4 I I 1 I T

1 1 1
0 5 10 15 20 25 30
time [sec]

for m:% & 100A¢
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Solution of Nonlinear Equations in Dynamic Analysis
The Wilson 0 Method

uz2
(9]

........ Exact Solution
The Wilson

4 I I I I T

time [sec]

for A= & 200a¢
20 51

Solution of Nonlinear Equations in Dynamic Analysis
The Wilson 0 Method

Z(ajb CJB—
At =107, =10(2.8099) = | Ar=28.099
/ 6 3
a,=———-=0.0038771 , a = =0.07626 , a,=2(0.07626)=0.15252
(1.4x28) 1.4x28
a, = LAX28 19669 | a, _ 90038771 _ ) 6027693
2 1.4
_ 2
a _ 015252 _ 4 10804 | a, -3 - 11429 a, _B a _ 29 13159
\ 1.4 1.4 2 6 /

. 6 -2 2 0 0 0
K=K+a,M+aC = +(0.0038771) +(0.07626)
2 4 0 1 0 0

~ 16.0078 -2
= K = = KStatic
-2 4.0039
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Solution of Nonlinear Equations in Dynamic Analysis
The Wilson 0 Method

| U
time
U, U,

0 0 0
At 1.0903 1131.2
At 2.8199 -839.98
3At ~2.6131 678.7
4At 5.8555 ~-522.68
SAt -4 .4688 409,35
6A? 6.5916 ~309.96
7At B 243.66
8At 5.9749 -181.93
At ~3.4672 145.06
10A: 4.9264 ~106.12
Haz 5 B 86.811
1241 3§ 6l 5 37 53

Solution of Nonlinear Equations in Dynamic Analysis
The Newmark Method Newmark 3,

e K Ol 53 &« (Linear acceleration Method) s ols S, asl oS Newmark s,

B8 e AUt oL 3 ol ol
Given M 'U+C 'U+K 'U='R

Seek M “NU+C VU +K MU="MR Too many unknowns ! Need assumptions.

Linear acceleration § =4 ,o =1

Average acceleration § =5 ,¢ = 3

FNE

M /HA[U‘
1y tHA YT
i 2 lU tU:tU +M
At
/ H'AZU:
L A . =0+ BT
U 0+ S C0+0) U 2
t+ArU:rU+!UAt
/ t+AtU=tU+tUAt +At2 ,U+At2 r+AzU
U 2 - — 36
" +A7t(’U+”A’U) v ’ ‘
4
- > N 54




Solution of Nonlinear Equations in Dynamic Analysis
The Newmark Method Newmark 5,

D 4B S ks 5 sles

[t+AIU=fU+[(1—5) U+ ’*W]Az] (21)

[ t+AtU=’U+tUAt+[(%_0C) tU +q t+AtU]Af2 } (22)

L e e OF oIl 5 6 S LKl L35 4 Bl s e 4 oSt gla il 8 4 @

;AU ‘}gal.:ﬂ ULL:J &j) )‘ l?jf:.wj:ff )"’Lil‘i a}:.i) Lgi (}“ﬁ‘ BE) Newmark w}) JAT Cewd W

Sl by 20 (Trapezoidal Rule) slagjss sus 4 a5 5 S sleliss | (Constant-Average-Acceleration-Method)
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Solution of Nonlinear Equations in Dynamic Analysis
The Newmark Method

il ke Sld gy b blae (YY) 5 (V) lals, 3L 8 =7 5 o =7 S
%(tU+t+AtU)

9 LAC,&JM ‘Lﬁ&l}uL}- J>— LS‘J" (YY)) (Y\) jag\)_)jg o‘f))\ﬁ

el st Ar Ol s (V) daly s Dol SVl daClis

Sy S

t t+ At { M t+AtU+C z+AtU+K z+AzU:t+AtR ] (23)

Newmark's Constant-Average-Acceleration
Scheme

Sle sl SVl (7)) dady s 0F (KL L oS & e s & U e (V) dhaf, o 51 U
Sy sdal s 4 alal, o 28 Jol gy (’jJ»MU Sl gl s o s wagy s )
S by o 355 mlome 13877 0T o U 5 0 e (V) ety s U U
23 8 o i A s AT 2ol (YY) 5 (YY) Laly, o ool s 4 IFALT
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Solution of Nonlinear Equations in Dynamic Analysis
The Newmark Method

Newmark’s Method - Stability

To keep the algorithm stable

A_ 1
T R\/E VO — 2
. 1 1
Average acceleration  § = > =g

— Unconditional stable

Linear acceleration  §=1 -1
2 6

.. At
— (Conditional stable ?< 0.55

Usually for accuracy At<0.1T or less!
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Solution of Nonlinear Equations in Dynamic Analysis
The Newmark Method

Step-by-step solution using Newmark integration method

A. Initial calculations;

1. Form stiffness matrix K. mass matrix M, and damping matrix C.
2. Initialize °U , °U and °U
3. Select time step Arand parameters ¢ and § and calculate integration constants;

§205 , 0>025(0.5+3)°
[ J

1 d 1 1
a, = =, a=—— , ag=—— , a;=—-1
o, At o, At o At 20,
a4:§—1 , a5:£(§—2j , a,=At(1-§) , a,=38 At
o 2 \o

5. Form effective stiffness matrix

I%=K+a0M+a1C]
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Solution of Nonlinear Equations in Dynamic Analysis
The Newmark Method

B. For each time step;

1. Calculate effective loads at time + At :

[”A’I%: “MR+M(a, 'U+a, 'U+a, 'U)+C(a, 'U+a, 'U+a, tU)]

2. Solve for displacements at time 7+ At

[]% z+AzU: t+AtR]

3. Calculate accelerations and velocities at time  + A? -

t+AzU:aO (t+AzU_zU)_a2 zU_a3 zU’

t+AzU=zU+a6 ’U+a7 t+AtU

59

Solution of Nonlinear Equations in Dynamic Analysis
The Newmark Method

sl o kel Csd 4 3 Sy (3051 am,s g L;bbwgiidbw OVsles (O Jlie

B ﬂ{g}+ {—62 ﬂ{g;} ) {1%} g - g o

_ T.
At=10T, (< At:ﬁ (Gl I 53 53 s ool (end Sl o ldae Newmark 25, Sl esbina L

el

m=" V1 k2| O 72 2 = eigenvalue (M 'K) 20 -

= , = = = eigenvalue =
0 1 ~2 4 W =agemd 05

T 9y T 4.4429 0 T, =4.4429 sec
= = = f—
o 0 2.8099 T, =2.8099 sec
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Solution of Nonlinear Equations in Dynamic Analysis

The Newmark Method )
5 o damles 20 0ley 530U Jsles dslas 3l eslizad b

o el TR = -

IJ}‘ CJ[;—
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Solution of Nonlinear Equations in Dynamic Analysis
The Newmark Method

62




The Newmark Method
‘U
time
tUl tU2

0 0 0
As 0.006382373 0.36614
0.051098 1.3593

QAL
0.1917 9., GO
3At 0.49005 4.01714
4At 0.97104 4.9615
5A¢ 1.5941 5.3384
6Af 2 .2474 5.1189
TAL D STUE 4.4569
SA; 3.0047 3, 6190
2.8375 2. 8755

OAt
o HEEE 2.424
10Az 1.9561 2.3133
11A¢ . ey 2.4511
12A¢ Sl o) o, BB

Solution of Nonlinear Equations in Dynamic Analysis
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Solution of Nonlinear Equations in Dynamic Analysis
The Newmark Method

u2
w

toven

-------- Exact Solution
The Newmark
T

0

L
10

1 1
15 20

1
25

30

time [sec]

for Az:lT—(z) & 100At
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Solution of Nonlinear Equations in Dynamic Analysis
The Newmark Method

6

u2

0 5 10 15 20 25 30
time [sec] | s - Exact Solution
—— The Newmark

0 é 10 1I5 210 2'5 30
time [sec]
for At:E & 200Af
20 65

Solution of Nonlinear Equations in Dynamic Analysis
The Newmark Method

Z(ajb CJB—
At =107, =10(2.8099) = | Ar=28.099
4 1 0.5 1 )
a,=————=0.0050661 , @ =—-———=0071176 , a,=————-=0.14235
(0.25)(28) (0.25)(28) (0.25)(28)
a, = ! -1=1 , a4:£—1:1 , a5:§(£—2]:0
2(0.25) (0.25) 2 10.25
@ =(28)(1-0.5)=14.05 , a,=(0.5)(28)=14.05 j

. 6 -2 2 0 0 0
K=K+a,M+a,C = +(0.0050661) +(0.071176)
—2 4 0 1 00

~ 16.0101 -2
= = = KStatic
-2 4.0051
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Solution of Nonlinear Equations in Dynamic Analysis

The Newmark Method
_ ‘U
time
U, U,

0 0 0
At L 9525 5.9889
2At s 328271 0.044389
3At L 9268 5 .8005
4At G 111 57 0.17603
S5At L. 82 F1L 5.7267
OAt 0.24634 0 30038
TAt 1.6688 5.473¢6
8A? 0.426473 0.68009
OAt 1.469 5.14¢98
10A¢ 0.64371 i e
11A¢ 1s 9367 4.7664
12A¢ 0.8883 1.4437
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Solution of Nonlinear Equations in Dynamic Analysis

Analysis of Nonlinear Response: Newmark’s Method

EOM of nonlinear system

m ii(t) +cu(t)+(fs) = p(1)

mi; +cu; +(fs), = p,

Ml +C Uy +(fS)y = Din

m Aui, +c Au, + (Afs), = Ap,

(ﬁ¢”i:(fﬂmf_ﬁﬁx

zgééQLAuiE(kJTAui

Au.

1

Tangential stiffness
function of displacement

£ Linear
1k
(5) 2 (Afs),
l' Au,
7 Nonlinear
u, u_ X
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Solution of Nonlinear Equations in Dynamic Analysis

Analysis of Nonlinear Response: Newmark’s Method
Ak 2 SO 4 B e 2500 ol e

[m Aii, +c Au, + (Afs), = Api] (b1)

Is
‘ ¥
,/ k'_r kse.c )‘&‘Q)b&ﬁ;f}&ﬂé}ﬁdi})s\g
J 1
s 1
iz . [ (Afs); = (k) oo Au; ] (b2)
/
(Afy); {"f
o o U b () g B o JS2 4 a5 L
)b&zﬁ\)db)¢l§ﬁ‘w6‘5’l&n ui+l\ﬂj5;
Aw; S il L (k) eles e U5 i
i~
- U
[ @ =w,me | @)
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Solution of Nonlinear Equations in Dynamic Analysis
Analysis of Nonlinear Response: Newmark’s Method
53 3k el ot Slos oS 51 st b clapin 3 ST Wl s S > Newmark o5, L 015 e | (04) dal
T s & s s 53 & e s MG slallest LT o,
e gt e Sles slaplS ) il o sl IS e gl @ ules e ]
(Al o S5l

Sl e By gl g0 e 3 S8 abas 05 S el sl (al.fjl oslizal .2

fs fs
b b _ Numerical
a - :’ IE", L E
i
fod .f<\ _ , ./"?,:" o
,ic Numerical 5
€l

Ui Uiy Ui Uiy
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Solution of Nonlinear Equations in Dynamic Analysis

Analysis of Nonlinear Response: Newmark’s Method

fs
p b
p E}_. =
g ¢ @ point a x
. j \\ . y
‘ ,‘C Numerical u, >0 ‘V‘i)"’ sl Rl
.
/ Exact
n
@ point b { o
i+l
I
i Uit

Ll s oS )5 395 B asle glabas o oS Jsb s w53 ey ( Uiy <O) w3l e o b e s S
il bty Lol & 536 sie 50T s S1cl es S OLS oS 4 g5, ol 5 Sl odon) o @y oy
ot ol 5, iS L s pelud p eles Jat i Gl e Cs e b da 3 O 5 03 S g aelsl JUT

oy ol € @ o ¢ a4 S 0T Sl sy Sles 8 s e
dalp s hals b fo Jsb s (Iterative procedure) o5 5l S Ly, S (S0 Lo oLl glalles

2,8 o Sopo S S Sl gaplE sk o LSS Gl o8 Jsb s S 68 Jw‘e{’;
7

Solution of Nonlinear Equations in Dynamic Analysis

Analysis of Nonlinear Response: Newmark’s Method

ﬁ;@#)) ‘)J‘.’.J @‘)Newmark ‘dej) C)A-Aﬂ‘ Ls‘j’

kAu, =Ap, | (bS)

k.=k +am+ac of s

. (b6)
Api:Api+[a2m+(a4+1)c]ul.+[(a3+l)m+a5c]iji
a, = 1 a =9 a _ L
‘ oA : oAt ? o At
a3=L—1 , a4=§—1 , aszg(ﬁ—ZJ
20, Q 2 \q
.v.:.’SLSAQb\)iwx‘h{\j)ﬁjjjééjboébC,.@.z-
k; = k;
Au; = Au
Aﬁi:Aﬁ
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Solution of Nonlinear Equations in Dynamic Analysis
Analysis of Nonlinear Response: Newmark’s Method

P AR
1
: vy 1 23 B
J;R{z} AR® £Lz
7L il Z
| ao)
B Af D) A AP
l ‘w’:‘f
Ay :3u‘~23, Auty _“Ml] i AP -&u[?f)
— I o i
(b) (a)

Iteration within a time step for nonlinear systems: (a) Newton-Raphson iteration; (b) modified

Newton-Raphson iteration. =

Solution of Nonlinear Equations in Dynamic Analysis

Analysis of Nonlinear Response: Newmark’s Method

Modified Newton-Raphson Iteration (Tablel)

1) Initialize data.

[ufff=u,. =) ARV =4, k=]

2) Calculations for each iteration, j=1, 2, 3, ...

6.1 Solve : lgT Au” =ARY = Au(j)z(lgT)_lAR(

22 4D =4UD LAy

)

i+1 i+1
23 Af(j) — fs(j) _ﬁ(j—l) +(/€T _kT)Au(j)
2.4 AR(J'H) ZAR(j) —A @)
\2 d Y,

3) Repetition for next iteration. Replace j by j + 1 and repeat calculation steps 2.1 to 2.4.

Au(g) 4 '
; <g = Aui=ZAu(”

Z Au(j) Jj=1
j=1

The iterative process is terminated after / iterations
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Solution of Nonlinear Equations in Dynamic Analysis

Analysis of Nonlinear Response: Newmark’s Method

Newmark’s Method: Nonlinear Systems

Special cases

(1) Average acceleration method & =3 ,o =7
(2) Linear acceleration method  § =1 o =1
1) Initial calculations.
4 iy~ (),

1.1 iy =2

m
1.2 Select At.

-

1.3 a,=a, m+(a,+)c & a,= (a3+1)m+—c

A

75

Solution of Nonlinear Equations in Dynamic Analysis

Analysis of Nonlinear Response: Newmark’s Method

Newmark’s Method: Nonlinear Systems

2) Calculations for each time step, 1

6.1 Ap, =Ap, +a,u,+a, i,
2.2 Determin the tangent stiffness £..

A

23 k =k +am+ac

25 Au,=aAu,—(a,+)u,—as i,
2.6 Au,=a,Au,—a, u,—(a, +1) i,
W Upg =+ Auy gy =+ Ay iy, =1+ Al

2.4 Solve for Au, from lgi and Ap, using iterative procedure of Tablel.

~

%

3) Repetition for the next time step. Replace 1 by 1 + 1 and implement steps 2.1 to 2.7 for

the next time step.
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Solution of Nonlinear Equations in Dynamic Analysis

Analysis of Nonlinear Response: Newmark’s Method

[, kips
[ ]

7.5 -

10
I

= i, 1N,

@ 0.75
; 10 0
1
-7.5 -
d c

m=0.2533 (kip —sec’/in.)
k =10 (kips /in.)

T =1(sec)

®, = 6.283 (rad / sec)

§ =0.05

¢ =28w,m=0.1592

dal, ool skl 3,3 SDOF e So Slasiia (7 e
oh o S Gles S sV e S a5 = 0
oWy e bl e Sl S L e a3k e
5SS Oad 5S0ke e () Jhg) 53 4 g Sl 2

b flf L Modified Newton Raphson Iteration (—
At =0.1(sec)

p, kips

10 L
| 7 “<

10 sin (7wt / 0.6)

\ = I, SEC
0.6 ..

Solution of Nonlinear Equations in Dynamic Analysis

Analysis of Nonlinear Response: Newmark’s Method

1) Initial calculations.

S5 05 ke bz ()

78




Solution of Nonlinear Equations in Dynamic Analysis

Analysis of Nonlinear Response: Newmark’s Method

2) Calculations for each time step, 1 SSS Ok 6l ol (Ll

79

Solution of Nonlinear Equations in Dynamic Analysis

Analysis of Nonlinear Response: Newmark’s Method
S5 O pS0lks e ()

» Average acceleration without iteration using A =0.1sec

Results
ii;' Aﬁ,‘ ﬁ,‘ Au; !l; Ui
li Di (fs)i (Step 2.8) (Step 2.1) ki (Step 2.3) (Step 2.4) (Step 2.6) (Step 2.6)
0.0 0.0000 0.0000 0.0000 5.0000 10 114.5043 0.0437 0.0000  0.0000
0.1 5.0000 0.4367 17.4666 21.6356 10 114.5043 0.1890 0.8733  0.0437
0.2 8.6602 2.3262 23.1803 43.4485 10 114.5043 0.3794 2.9057 0.2326
0.3 10.0000 6.1207 12.3724 53.8708 10 114.5043 0.4705 46833 06121
0.4 8.6603 7.5000 1.6110 46.5455 0 104.5043 0.4454 4.7261  1.0825
0.5 5.0000 7.5000 —12.4970 323703 0 104.5043 0.3098 4,1818 1.5279
0.6 0.0000 7.5000 —30.8738 53984 0 104.5043 0.0517 2.0132 1.8377
0.7 0.0000 7.5000 -—28.9930 -—24.9304 10 114.5043 —-0.2177 —-0.9801 1.8893
0.8 0.0000 5.3228 —18.8932 —44.8354 10 1145043 —-0.3916 —-3.3744 1.6716
09 0.0000 1.4071 —2.7549 —479712 10 1145043 —0.4189 —4.4568 1.2801
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Solution of Nonlinear Equations in Dynamic Analysis
Analysis of Nonlinear Response: Newmark’s Method

|
[4]

v [in./Sec]
c\

Force [kips]

DS sk 5SSk e (L

04 0.5

06 0.7 0.8 09

time[sec]

| L
0.4 0.5

time[sec]

L u —
0.6 0.7 0.8 0.8

L L
0.4 0.5

time[sec]

0.6 0.7 0.8 0.8
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Solution of Nonlinear Equations in Dynamic Analysis

Analysis of Nonlinear Response: Newmark’s Method

1) Initial calculations.

Modified Newton Raphson Iteration (—
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Solution of Nonlinear Equations in Dynamic Analysis

Analysis of Nonlinear Response: Newmark’s Method

2) Calculations for each time step, 1

Modified Newton Raphson Iteration (—
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Solution of Nonlinear Equations in Dynamic Analysis

Analysis of Nonlinear Response: Newmark’s Method

Linear acceleration using Az =0.1 sec

Modified Newton Raphson Iteration (—

Results

Ap; Au; u;
4 pi (fs)i  or ARY [k ki or Aut)) i i oy
0.0  0.0000 0.0000 50000 10 114.5043 0.0437 0.0000  0.0000 0.0000
0.1 5.0000 0.4367 216356 10 114.5043 0.1890 0.8733  17.4666 0.0437
02 8.6602 2.3262 43.4485 10 114.5043 0.3794 29057  23.1803 0.2326
0.3 10.0000 6.1207 53.8708 10 114.5043 0.4705 46833 123724 0.6121

3.3254 0.0290 1.1116

0.2904 0.0025 1.1141

0.0254 0.0002 1.1143

0.22E—02 0.19E—04 1.1143
04 8.6603 7.5000 529849 0 104.5043 0.5070 5.3621 12027 1.1143
0.5 5.0000 7.5000 38.4086 0 104.5043 0.3675 47782 —12.8805 1.6213
0.6 0.0000 7.5000 11.0600 0 104.5043 0.1058 2.5725 —31.2339 1.9889
0.7 00000 7.5000 —19.6226 10 114.5043 —0.1714 —0.4558 —29.3312 2.0947
0.8 0.0000 57863 —41.6857 10 1145043 —03641 —29716 —20.9850 1.9233
0.9 0.0000 2.1458 —47.9600 10 114.5043 —0.4188 —4.3095 —5.7722 1.5593

4= Ny iteration

u;

(Step 2.6)

0.0000
0.0437
0.2326
0.6121
1.0825
1.5279
1.8377
1.8893
1.6716
1.2801
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Solution of Nonlinear Equations in Dynamic Analysis

Analysis of Nonlinear Response: Newmark’s Method

2) Calculations for each time step, 1 Modified Newton Raphson Iteration (—
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Solution of Nonlinear Equations in Dynamic Analysis

Analysis of Nonlinear Response: Newmark’s Method

2) Calculations for each time step, 1 Modified Newton Raphson Iteration (_
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Solution of Nonlinear Equations in Dynamic Analysis
Commercial Software - MATLAB

Demonstration - SDOF structure under earthquake excitation
1940 El Centro EQ

a~

2

N
T

3

'
N
T

ground acc. m/s

’
B

o

5 ti,:]gs 15 20 k
75-story building
m=4.61x10" kg
¢=1.04x10® N-s/m (1%) -
k=5.83x10" N/m
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Solution of Nonlinear Equations in Dynamic Analysis
Commercial Software - MATLAB

Response of a tall building under earthquake
T T T

clear all;

load elcen;

ground acc. mis?
A DN o v o»

m=4.61*10"7; c=1.04*10"6; k=5.83*10"7;

o
(9]
=
o
N
o

20

o
~

A=[0 1; -k/m -c¢/m]; B=[0;-1]; C=[1 0]; D=[0];
0.2

[x temp]=Isim(A,B,C,D,acc,time);

disp. m
o

subplot(2,1,1);

plot(time,acc);

ylabel('ground acc. m/s"2");

title('Response of a tall building under earthquake);
subplot(2,1,2);

plot(time,x);

xlabel('time');

ylabel('disp. m');

time s
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Solution of Nonlinear Equations in Dynamic Analysis
Commercial Software - MATLAB

The Isim command operates in the STATE-SPACE domain
Original 2nd order MX +cX +kx =p

State-Space 1st order  (mx +cx + kx = D

< . .
X=X

% - fo

output <mm y=[1 0]{z}+{0}19

89

Solution of Nonlinear Equations in Dynamic Analysis
Commercial Software - MATLAB

Y =CX+DU

e

C and D depend on the output desired.

X =AX +BU X
X=4<"
X

[x temp]=lsim(A,B,C,D,-acc,time); Demonstration !
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Solution of Nonlinear Equations in Dynamic Analysis

Homework

sl o_)\ﬁfcmesdk.gﬂ)' Q)M@éb‘)ﬁ‘\}f}b}b L;b\:w&d:bu“ SVsles (Vo el

o el TR v

S35 SO b s frsly aend el o llas Newmark 5 Wilson 6 < Houbolt « (55 0 Loles s, 5l eslaal b

LB B lesesl s Jad LG

91

Solution of Nonlinear Equations in Dynamic Analysis

Homework
Q).,b. (u‘j)\;} L> (J\Newmark U‘i'j-) @ \‘) ol enly OLES L}T’JJ?.’ JS‘ o= SDOF M gil c.«li (Y w.]a.:

Losl s 4 ST

: l—- v(r) :
m=0.1 kips-sec™/in Is 1.2in U
) ) 6 kips
c= 0.2 kips-sec/ in l
k=15 kips/in (total) T | U
_6?;)5: / b
- Inelastic displacement

4 plo). kips Elastoplastic stiffness
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