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f(bgq...bg) = by x 231+ ... + b, x 21 + by x 2°
E.g. 0...11011001
=1X2"T+1x26+0x22+1x24+1x22+0x21+1x20
=128+64+16+4+1 =213

Max f(111...11) = 232 — 1 = 4,294,967,295
Min f(000...00) =0
Range [0,232-1] => # values (23%-1) -0 + 1 = 232
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f(bgq...Dg) =-byy x 231+ ... b, x 21 + by x 20
» Max f(0111...11) = 231 -1 =2147483647

» Min f(100...00) = -231 = -2147483648 (_, L)
» Range[-231,231-1] => # values(23!-1 - -231) = 232

»000...0110=>111...1001 +1=>111...1010
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111 000 001 111 001
110 010 110 010
101 011 101 011
100 100
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» A—B=A+2's complement of B
3—-2=1 JL.,o >




(Full Adder) o5 owisS a0

» Full adder (a,b,c;,) => (C,u, S) ce _‘DL_‘D—"
> C,, = two or more of (a, b, c;,) _%}D"C
> s = exactly one or three of (a,b,c;,

a b Cin Cout S

0 0 0 0 0

0 0 1 0 1

0 1 0 0 1

s ¢ v 5 5

1 0 0 0 1

s s 2 5

5 5

1 1 1 1 1
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> A—-B=A+(-B)=>InvertBandsetc,to 1l
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» Control = 1 => subtract
» XOR B with control and set c,,, to control

B, A B, A, B, A B, A, OP
0 for +
1 for -
I
C C C C
A, +B; [ A,+B, A, +B, A,+ B,

N

Overflow R, R, R, R,
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g, =a *Db, # carry generate
p.=a @b, #carry propagate
13059k b @
Chi = &b+ @®b)* ¢ .
=0i+tpi*C Ce °s
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C;=0o + Po * Cg
C2=01+P1*Cp =01+ Pr*(Go+ Po ™ Co)
=0, +P1" 00+ P1 " P *Cy
C3= 0+ P2 91t P2 P17 0ot P2 P1™ Po™ Co
C4= 03+ P3"0; + P3™P2 01 + P3™P2"P1"00 + P3™P2"P1"Po™Co
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1 | propagated
0

1
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(impossible)
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Critical path

8 I8 I8 18 I8 JB B I8 I8

= <«— One-way street +— |§|:|
il N AN B

Freeway

19




silaio Jlost

<= AND, OR, XOR, NOR »
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» rol => rotate left (MSB->LSB)
» ror => rotate right (LSB->MSB)
» sll -> shift left logical (0->LSB)
» srl -> shift right logical (0->MSB)
» sra -> shift right arithmetic (old MSB->new MSB)
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operation

invert carryj, (A

4 -
L J

result

Mux

Add

@
Mux




(Overflow) 3 4 gw

|
How can you tell an overflow occurred?

Add two positive numbers to get a negative number

or two negative numbers to get a positive number
-1




0111
5 0101
3 0011
-8 1000
Overflow

0000
5 0101
2 0010
7 0111

No overflow

1000
-7 1001
-2 1100
7 1|0111
Overflow

1111
-3 1101
-5 1011
-8 11000

.

No overflow

Overflow occurs when carry in to sign does not equal carry out

&y University of Kurdistan
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8X9=72:00L5b.+,o >
> PP:8+0+0+64=72
Sol (dom i A P
log(n x m) =log(n) + log(m) >
32b x 32b = 64b result >
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Multiplicand
Shift left

\64mm

\ e /
64-bit ALU

l

64 bits

0
00
100

100

Multiplier
Shift right

32 bits

_—

Product ’_\7
Write Control test

Xy University of Kurdistan
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Multiplier0 = 1

\4

IA

o 30 o 39531

1. Test MultiplierO = O

MultiplierO

la. Add multiplicand to product and
place the result in Product register

A

y

A\ 4

2. Shift the Multiplicand register left 1 bit

A\ 4

3. Shift the Multiplier register right 1 bit

32nd repetition?

l

No: < 32 repetitions

Yes: 32 repetitions

1
1

000
001

00
100

0
0
0

000
00
0

100

1

000

Z/University of KI_C Done )
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Initial values 001() 0000 0010 0000 0000
1 1la: 1 = Prod = Prod + Mcand 0011 0000 0010 0000 0010
2: Shift left Multiplicand 0011 0000 0100 0000 0010
3: Shift right Multiplier 0001 0000 0100 0000 0010
2 1a: 1 = Prod = Prod + Mcand 0001 0000 0100 0000 0110
2: Shift left Multiplicand 0001 0000 1000 0000 0110
3: Shift right Multiplier 0000 0000 1000 0000 0110
3 1: O = No operation 0000 0000 1000 0000 0110
2: Shift left Multiplicand 0000 0001 0000 0000 0110
3: Shift right Multiplier 0000 0001 0000 0000 0110
4 1: O = No operation 0000 0001 0000 0000 0110
2: Shift left Multiplicand 0000 0010 0000 0000 0110
3: Shift right Multiplier 0000 0010 0000 0000 0110

%/University of Kurdistan
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Multiplicand

lszmm

A4
32-bit ALU/
|

Product

Shift right
Write

64 bits

1000
x1 001
1000
0000
0000
1000
1001000
test
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la. Add multiplicand to the left half of
the product and place the result in
the left half of the Product register 1000
x 1001
\ 2 1000
2. Shift the Product register right 1 bit O 0 O O
l 00O00O0
%ond repetition? No: < 32 repetitions 1 O 0 0
1001000

Yes: 32 repetitions

“ 32
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B= Multiplicand
l I n bits Sequence counter

Q Lgl.e‘.....‘ Slass
N

n-bit ALU Parallel Adder
And Complementer

| s

A=Product Q=Multiplier |
—_ Q=10011 0= Q slors olaw = it Jloel slaws
| I L ) = oy, b ole ad slowt 4 pen Jlos! slaws
| I Y = oig, YU sl ad slowd a4z 5 a5 Jleel oloss
<
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Current | Bit to | Explanation Example Operation
bit right

1 0 Begins run of ‘1’ 00001111000 | Subtract
1 1 Middle of run of '1° | 00001111000 | Nothing

0 1 End of a run of ‘1’ 00001111000 |Add

0 0 Middle of a run of ‘0’ | 00001111000 | Nothing
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Booth Algorithm: Example 1

» (x3=21
0111 multiplicand =7
x0011(0) multiplier =3

11111001 bit-pair 10, add -7 in two’s com.

pit-pair 11, do nothing
000111 pit-pair 01, add 7
nit-pair 00, do nothing
00010101 21

38



Booth Algorithm: Example 2

> 7x(-3)=-21

0111 multiplicand =7
x1101(0) multiplier =-3
11111001 bit-pair 10, add -7 in two’s com.
0000111 bit-pair 01, add 7
111001 bit-pair 10, add -7 in two’s com.

bit-pair 11, do nothing
11101011 - 21
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1 0 0 1 Quotient

Divisor 1 0 0 0 ‘1 0 0 1 0 1 0 Dividend
- 1.0 0 0
1 0
1 0 1
1 0 1 0
- 1.0 0 0

1 0 Remainder

40
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b canl pdy jiduw sae a5 Wil o xS 5 158l s >

A5k 55555 ade ponie jloniladl STibys »

(remainder — divisor) 2 0 : s, &5 5l solizul »
TS 8z 092 pdy i 517

» Remainder, ., = Remainder, — divisor

foiS S5 090 pdy w51 »

oS b3k 1y (L laie Wb

» Called restoring division
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1. Subtract the Divisor register from the
Remainder register and place the
result in the Remainder register

l

Remainder >0

\4

Test Remainder

Remainder <0

v

P YW R K= [POW-Y

2a. Shift the Quotient register to the left,
setting the new rightmost bit to 1

2b. Restore the original value by adding
the Divisor register to the Remainder
register and place the sum in the
Remainder register. Also shift the
Quotient register to the left, setting the
new least significant bit to 0

v

v

3. Shift the Divisor register right 1 bit

33rd repetition?

No: < 33 repetitions

Divisor
1000

1

0 1 Quotient

1001

1000

1

—_ = =

o O o o

1 0 Dividend

1
10
00
1

0 Remainder

Yes: 33 repetitions

\4

University Of( S )
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Divisor

Shift right

64 bits

N

<

64-bit ALU /

v

Remainder
Write

64 bits

—

Quotient
Shift left |«

32 bits

Control N\
tes;t/

A

XY University of Kurdistan
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Divisor=0010, dividend= 0111 =
guotient = 0011, reminder = 0001

I O ) T

Initial values 0010 0000 Q000 0111
1: Rem = Rem — Div 0000 0010 G000 (11100111
2b: Rem < 0 = 4Div, sll Q, Q0 =0 Q000 00410 0000 Q000 0111
3: Shift Div right Q000 00041 0000 0000 0111
1: Rem = Rem - Div Q000 0001 0000 :J:llli 0111
2b: Rem <=0 = +Div, sll Q, Q0D =0 Q000 0001 0000 0000 0111
3: Shift Div right Qo000 Q000 1000 Q000 0111
1: Rem = Rem — Div 0000 0000 1000 .@L‘Lll 1111
2b: Rem < 0 = 4Div, sll Q, Q0 =0 Q000 0000 1000 0000 0111
3: Shift Div right Q000 0000 0100 Q000 0111
1: Rem = Rem - Div Q000 0000 0100 (0000 0011
2a: Remz0=sllQ,Q0=1 Q001 0000 0100 Q000 0011
3. Shift Div right 0001 Q000 0010 0000 0011
1: Rem = Rem — Div 0001 0000 0010 @GD‘D 0001
2a: Remz=0=3sllQ,Q0=1 0011 0000 0010 Q000 0001
3: Shift Div right o011 0000 0001 Q000 0001

University of Kurdistan
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C

Start )

VL

*
o0
1. Shift the Remainder register left 1 bit ub é

40 00

* -

2. Subtract the Divisor register from the
left half of the Remainder register and
place the result in the left half of the
Remainder register

A

Remainder= 0O

v

@

Remainder < 0O

v

3a. Shift the Remainder register to the
left, setting the new rightmost bit to 1

3b. Restore the original value by adding
the Divisor register to the left half of the
Remainder register and place the sum
in the left half of the Remainder register.
Also shift the Remainder register to the
left, setting the new rightmost bit to O

32nd repetition?

No: < 32 repetitions

Yes: 32 repetitions
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Divisor

32 bits

L 244

Q8L O gugd ool

AV 4
32-bit ALU/ "

Shift right
Remainder  Shift |eft
Write

64 bits

Control
test

|
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Iteration | Step Divisor | Remainder
0 Initial values 0010 |0000 0111
Shift rem left 1 0010 |0000 1110

; 2: Rem = Rem - Div 0010 11101110
3b: Rem < 0, restore, sll 0 0010 |0001 1100

2: Rem = Rem - Div 0010 (11111100

2 3b: Rem < 0, restore, sll 0 0010 0011 1000
2: Rem = Rem - Div 0010 |0001 1000

3 3a: Rem >0, sl 1 0010 |0011 0001
4 Rem = Rem — Div 0010 |0001 0001
3a:Rem >0, sl 1 0010 |[00100011

Shift Rem right by 1 0010 |0001 0011

Xy University of Kurdistan
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» Called non-restoring division
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.
Restoring: Each time subtraction fails,

1. the divisor 1s added
2. the dividend 1s shifted left

3. the divisor 1s subtracted
the result equals 2(d + v) — v

v can be added after shifting, thus replac-
ing the subtraction in the next cycle

this equals 2d + v

both variants deliver identical results, but
non-restoring saves one subtraction step!

Ceands lanl 0,87 2Lk sl

S Fo> g § @0
s &S 09l oo el ISy
el adlas o5k 4 g5k

*
*
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Iteration | Step Divisor | Remainder
Initial values 0010 |0000 0111

0 Shift rem left 1 0010 |0000 1110
2: Rem = Rem - Div 0010 (11101110

: 3b: Rem < 0 (add next), sll 0 | 0010 |1101 1100
2: Rem = Rem + Div 0010 (11111100

2 3b: Rem < 0 (add next), sll 0 | 0010 |1111 1000
2: Rem = Rem + Div 0010 |0001 1000

3 3a: Rem > 0 (sub next), sll1 {0010 |0011 0001
4 Rem = Rem — Div 0010 |0001 0001
Rem > 0 (sub next), sll 1 0010 00100011

Shift Rem right by 1 0010 |0001 0011

XY University of Kurdistan



& slist S1as!

oS (oo ooliul Sy (g3gume Sl I (g Ll vae iules gl P

IEEE 754 s, lastesl

single: 8 bits single: 23 bits
double: 11 bits double: 52 bits

S|Exponent | Fraction

x = (—1)° x(1+ Fraction) x 2{5xPonent-5ias)
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* S:sign bit (0 = non-negative, 1 = negative)

* Normalize significand: 1.0 < [significand| < 2.0

— Always has a leading pre-binary-point 1 bit, so no need to
represent it explicitly (hidden bit)

— Significand is Fraction with the “1.” restored

« EXponent: excess representation: actual
exponent + Blas

— Ensures exponent is unsigned
— Single: Bias = 127; Double: Bias = 1203

53



Single-Precision Range

* Exponents 00000000 and 11111111 reserved

« Smallest value

— Exponent: 00000001
— actual exponent=1-127 =-126

— Fraction: 000...00 = significand = 1.0
—+1.0x 216 =41.2 x 1038

» Largest value

— exponent: 11111110
— actual exponent = 254 — 127 = +127

— Fraction: 111...11 = significand = 2.0
— 2.0 x 2*127 = +3.4 x 10*38

Xy University of Kurdistan
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Representation of Floating Point Numbers

 |EEE 754 single precision

31 30 23 22 0

Sign Biased exponent Normalized Mantissa (implicit 24th bit = 1)

Exponent Mantissa Object Representec

0 0 0
_1)\s E-127 0 non-zero  denormalized
( 1) X 1F X 2 1-254 anything FP number
255 0 pm infinity
255 non-zero NaN

55




Floating-Point Example

* Represent —0.75 (- 0.11 two)

——0.75=(-1)tx1.1,x 271

- S =

— Fraction = 1000...00,

— Exponent = -1 + Bias

 Single: -1+ 127 =126 =01111110,
Double: -1 + 1023 = 1022 = 01111111110,

* Single: 1011111101000...00

* Double: 1011111111101000...00

56



Floating-Point Example

 What number Is represented by the single-
precision float

1000000101000...00
— S =
— Fraction = 01000...00,
— Exponent = 10000001, = 129
e X = (1)t x (1 +01,) x 2(129-127)
= (=1) x 1.25 x 22
=-5.0
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Y 90 Jose | Excess-127
-127 1000 0001 0000 0000
-126 1000 0010 0000 0001
+127 0111 1111 1111 1110

> Value: (-1)S x F x 2(E-bias)
> SP: biasis 127
> DP: biasis 1023

XY University of Kurdistan
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FP 3y g

FP Py »

srb olael oy Jia

> FP Underflow
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9.997 x 102 9.997000 x 102
4.631 x 101 0.004631 x 102
Sum 10.001631 x 102
Normalized 1.0001631 x 103
Rounding 1.00016 x 10°

DS Jle g |y ases
WSS 05 ) ol g Saled o

>

YV V VYV VY
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Sign | Exponent Significand Sign | Exponent Significand
— ¢

(W
! (Sl &o2>
Compare
Small ALU exponents

!

Exponent
difference I
v v v v
(0 1 )i *( 0 1>|—>(O 1)
\4
v
I Shift smaller
Control Shift right number right
AA
v \4
Big ALU Add
v L4
-~ D | @D
Increment or _ _ .
| decrement | = Shift left or right Normalize
| 1 T
»| Rounding hardware Round
I !
Sign | Exponent Significand
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Syl o 9o

P, = A, Xxor B, :cdle >

Pe=Ag +Bg :0))g >
23,5 o5 a5y Wbl jlade Wb eads Wbl ey asiol Jday >
e=el+e?
E=e+1023=el +e2+ 1023
E = (E1 - 1023) + (E2 — 1023) + 1023
E=E1+E2-1023
Pr= Ar X Bp i wile »

(23b or 52b + g/r/s bItS) b o, lssbsl ©yo »
2 ylas gz 6l oYlg 00 pes loolanll >
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underflow 4 3,0 o5 >
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» Questions




